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Abstract—This paper focuses on the velocity planning and
energy management problems for Connected and Automated
Vehicles (CAVs) with hybrid electric powertrains. The eco-driving
problem is formulated in the spatial domain as a nonlinear
dynamic optimization problem, in which information about the
upcoming speed limits and road topography is assumed to
be known a priori. To solve this problem, a novel Dynamic
Programming (DP) based optimization method is proposed, in
which a causal Equivalent Consumption Minimization Strategy
(ECMS) is embedded. The underlying vehicle model to predict
energy consumption over real-world routes is validated using
experimental data.
Further, a multi-layer hierarchical control architecture is
proposed as a pathway to real-time implementation in a vehi-
cle. The DP-ECMS algorithm is introduced for a long-horizon
optimization problem, and then adapted for a receding horizon
implementation using principles in Approximate Dynamic Pro-
gramming (ADP). This computationally economical alternative to
the traditional DP solution is then benchmarked and evaluated.
Index Terms—Approximate Dynamic Programming, Optimiza-
tion, Equivalent Consumption Minimization Strategy, Look-
Ahead Control, Eco-driving, CAV.
I. INTRODUCTION
Recent years have seen intensive research efforts and rapid
advancements in technologies for connected and autonomous
driving in the automotive industry. They pledge significant
improvements in energy economy, safety and user conve-
nience. In particular, the access to more information, increased
computational power, and precision control, have expanded the
energy saving potentials of these Connected and Automated
Vehicles (CAVs) [1], [2].
Eco-driving typically refers to velocity control for minimiz-
ing the energy use over a driving mission [3], [4]. The eco-
driving controls use route information such as speed limits,
stop sign locations, grade and so on to compute the energy-
optimal speed trajectory. Depending on the level of vehicle
automation, this velocity trajectory is used as a driver advisory
[5] or provided as a reference to the Advanced Driver Assis-
tance Systems (ADAS) such as an Adaptive Cruise Controller
(ACC).
When a conventional powertrain (having an internal com-
bustion engine) or a battery electric vehicle (BEV) is consid-
ered, the eco-driving control scenario is simpler. A Dynamic
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Programming (DP) based approach for velocity control is
developed for a conventional powertrain in [6] and for a
BEV in [7]. In [8], [9], a real-time velocity optimization
algorithm using DP is proposed. The authors in [1] solve a DP
optimization in the cloud for optimizing the velocity reference
that is tracked by a human driver.
Eco-driving applications in vehicles equipped with hybrid
electric powertrains present an additional degree of complex-
ity, as an intelligent energy management strategy (EMS) has to
be designed along with the velocity optimization. Depending
on the approach, the powertrain and velocity controls can be
handled separately or optimized simultaneously. In [10], Pon-
tryagin’s Minimum Principle is used to solve the optimization
problem. In [11], a controller that combines the Pontryagin’s
Minimum Principle with DP is proposed. The look-ahead
optimization scheme in [12] utilizes DP for combined velocity
and torque split optimization in a mild-hybrid electric vehicle.
The DP-based approach in [13] considers intelligent battery
management along with velocity optimization. A Model Pre-
dictive Control (MPC) based scheme is developed in [14], that
utilizes a neural network to predict the velocity profile. In [15]
as well, neural networks are used for predicting the velocity,
with the energy management handled by a nonlinear MPC that
uses a forward dynamic programming algorithm. An emerging
area of interest is the use of reinforcement learning for eco-
driving control, as in [16].
In literature, a hierarchical decision system is popularly
adopted in an eco-driving control scenario [17], [18], [19].
In [20], a multi-layer scheme is considered for optimizing the
velocity and energy management over long and short distance
ranges, with an on-line Equivalent Consumption Minimization
Strategy for real-time powertrain control. This type of architec-
ture is suitable for autonomous systems to handle the complex
control problem of combining vehicle motion planning, veloc-
ity trajectory optimization and powertrain control [21]. When
a travel route is selected, the velocity can be optimized with
respect to route information, traffic, and the powertrain energy
management system, such that the predicted fuel consumption
is minimized. The optimized velocity trajectory, together with
the resulting energy management strategy, are then used as
input to the low-level real-time control of the vehicle.
II. OBJECTIVE AND PROBLEM FORMULATION
The objective in this work is to develop a control system for
autonomous velocity optimization and powertrain control of a
ar
X
iv
:2
01
0.
03
62
0v
1 
 [e
es
s.S
Y]
  7
 O
ct 
20
20
PREPRINT (UNDER REVIEW), OCTOBER 2020 2
mild-hybrid electric vehicle (mHEV). It is assumed that GPS
data and route information, such as speed limits, road slope,
and locations of stop signs, are available. Further, surrounding
traffic is implicitly handled by a traffic management system
that is assumed to control the traffic flow with variable speed
limits to avoid collisions [22]. For adapting to such varying
route conditions, it is necessary to continuously update the
velocity optimization and energy management strategy during
the driving mission.
To this end, a nonlinear dynamic optimization is formulated
to minimize the fuel consumption of the vehicle over the
entire driving mission by controlling its velocity trajectory
and torque split strategy. This problem is cast in the spatial
domain to simplify the process of incorporating position-based
route information. Consider a discrete-time dynamic control
problem having the form:
xk+1 = fk(xk, uk) ∀k = 1, . . . , N − 1 (1)
where k is the grid point along the route, xk ∈ Xk ⊂ Rn
is the state, uk ∈ Uk ⊂ Rm is the control input, and fk is
the state transition function. Typical control inputs in optimal
eco-driving and classical HEV energy management problems
include the engine and electric motor torques [12], [4]. The
control action and state are constrained by a function hk :
Xk × Uk → Rr that takes the form:
hk(xk, uk) ≤ 0, ∀k = 1, . . . , N − 1 (2)
This may include route speed limits, operating limits of physi-
cal actuators and subsystems, constraints for drive comfort and
so on. An admissible control map at grid point k is defined as
a map µk : X → U such that h(x, µk(x)) ≤ 0,∀x ∈ X . The
collection of admissible control maps, M := (µ1, . . . , µN−1)
is referred to as the control policy. The controller aims at
minimizing a cost, given by:
J(M) = gN (xN ) +
N−1∑
k=1
gk(xk, uk) (3)
where gk : Xk × Uk → R is the per stage cost function,
considered in this work as a weighted average of the fuel
consumption and travel time:
gk(xk, uk) =
(
γ · m˙f,k(xk, uk)
m˙normf
+ (1− γ)
)
· tk (4)
where γ is a tuning parameter that represents driver ag-
gressiveness by penalizing the travel time, m˙f,k is the fuel
consumption rate, m˙normf is a cost normalizing factor and tk
is the per stage travel time.
III. MOTIVATION AND PROPOSED CONTRIBUTIONS
Dynamic Programming (DP) has been used extensively in
literature to solve numerically HEV energy management and
eco-driving problems, due to its ability to handle disconti-
nuities, integer states and nonlinearities in states or control.
DP uses the Bellman equation to break down an optimization
problem into a sequence of sub-problems, and solve them in
a backward manner [23]. Starting from the terminal stage,
whose cost is defined as JN (xN ) = gN (xN ), the intermediate
calculation steps in DP are given by the following recursion
[24]:
Jk(xk) = min
µk(xk)
Jk+1(fk(xk, µk(xk))) + gk(xk, µk(xk)),
∀k = 1, . . . , N − 1
(5)
where the optimal control policy M∗ = (µ∗1, . . . , µ∗N−1)
for an initial condition x1 is given by the trajectory that
minimizes J1(x1), and Jk+1(fk(xk, uk)) is the optimal cost-
to-go from the projected state to the terminal state. In this way,
the cost functional defined in (3) is minimized systematically
using a constrained DP algorithm. A general drawback of
DP is the computational cost that grows exponentially with
the dimensions of the state and action spaces, a phenomenon
Bellman refers to as the curse of dimensionality [25]. The total
number of computations in DP is given by:
nc = O
(
N ·
n∏
i=1
nx,i ·
m∏
i=1
nu,i
)
(6)
where N is the number of stages, nx and nu are the number
of discretized points in the state and control grids respectively,
and n,m refers to the dimensions of the state and action spaces
respectively [26]. To reduce the computational cost, models of
HEVs for fuel economy optimization are often limited to a few
states (vehicle velocity, battery State-of-Charge, and selected
gear, for example).
An alternative to DP for on-line hybrid powertrain energy
management is the Equivalent Consumption Minimization
Strategy (ECMS). The ECMS is a real-time heuristic control
strategy derived from the Pontryagin’s Minimum Principle
(PMP) by assuming that the co-state in the PMP formulation
remains constant over the trip [27]. In the ECMS, the objec-
tive function comprises of the actual fuel consumption and
an equivalent cost term that represents the electrical energy
consumption from the battery. The following instantaneous
minimization problem is solved at each stage k:
min
u¯k
m˙f,k(xk, u¯k) + λ · fpen,k(xk) ·
P desbatt,k(xk, u¯k)
Qlhv
,
∀k = 1, . . . , N − 1
(7)
where u¯k is the control input optimized by the ECMS (essen-
tially the torque split), Qlhv is the energy density of the fuel
(lower heating value), P desbatt,k is the power requested from the
battery, λ is the equivalence factor, a trade-off parameter that
defines the battery-fuel equivalence and represents the future
fuel cost needed for recharging the battery, and fpen,k is a
SoC-dependent penalty function to ensure boundedness of the
SoC state. The equivalence factor is route-dependent and needs
to be tuned for achieving charge sustaining behavior. Adaptive
tuning strategies have been proposed, see for instance [28],
[29].
A. Proposed Contribution
In this work, a novel control architecture is proposed for
application to eco-driving in a HEV, as shown in Fig. 1.
This architecture harnesses and further extends the benefits
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Fig. 1: Simplified rendition of proposed control architecture for eco-driving applications.
from both the DP and ECMS optimization schemes while
reducing the computational and calibration effort required for
real-time implementation. The DP-ECMS approach allows one
to reduce the dimensions of the state and action spaces, thereby
significantly reducing the computational effort with minimal
loss in optimality.
One of the outputs from the DP-ECMS algorithm is the
optimal vehicle velocity that can be fed as a reference for an
on-board Adaptive Cruise Controller (ACC). Furthermore, the
DP-ECMS algorithm and the λ-tuning strategy determine the
optimal equivalence factor. This is used by the on-line ECMS
controller based on (7), along with the desired powertrain
torque request from the ACC, to optimally determine the
HEV powertrain torque split strategy. This implementation can
significantly reduce the calibration effort to integrate the eco-
driving controls with the existing on-board vehicle controllers.
B. Reformulation of Optimization Problem
The problem discussed in Section II is now reformulated
with additional details. The state variables used in the DP-
ECMS optimization are the energy (or more precisely, the
square of the vehicle velocity, v2k) and the battery SoC (ξk).
One of the key benefits of using the energy as the state instead
of the velocity is that the simple Euler forward method can
be used with adequate solution characteristics, as discussed in
[9].
The typical control variables of choice when DP is em-
ployed to solve the classical HEV energy management prob-
lem are the engine brake torque (Teng,k) and BSG torque
(Tbsg,k). Here, at each discretized (state) grid point the DP
explores several combinations of these two discretized control
inputs. A computationally economical alternative to this ap-
proach is adopted in the proposed DP-ECMS algorithm, where
this exploration is performed over the discretized powertrain
torque instead, while the torque split is optimized by the
ECMS. A clear benefit of this structure is that the overall
optimization problem is still cast within the DP framework
(which returns robust, closed-loop optimal policies), while
reducing the dimension of the action space. The optimization
states and control actions are summarized as follows:
xk =
[
v2k
ξk
]
∈ Xk ⊂ R2, uk =
[
Tpt,k
] ∈ Uk ⊂ R (8)
where Tpt,k is the powertrain torque. In the ECMS developed
in this work, the control variable considered is the electric
motor torque (specifically, the Belted Starter Generator or BSG
torque): u¯k = [Tbsg,k] ∈ U¯k ⊂ R. Further, the cost index
from (3) that the DP-ECMS controller aims to minimize is
reformulated as shown below:
J(M;λ) = gN (xN ) +
N−1∑
k=1
gk(xk, uk;λ) (9)
where gk is the per stage cost function that is now parametrized
by the equivalence factor λ as the DP framework now contains
the ECMS algorithm as well.
IV. MODEL OF PARALLEL MILD-HYBRID VEHICLE
The parallel mHEV topology studied in this work is illus-
trated in Fig. 2. A Belted Starter Generator (BSG) replaces the
conventional alternator, and is connected to the crankshaft of
a 1.8L turbocharged gasoline engine and a 48V battery pack.
Mechanical Connector
Electrical Connector
Control Logic/Info
48V 
Battery
B
S
G
Transmission
Internal Combustion 
Engine
Clutch
Differential
Controller
Fig. 2: Block diagram of P0 mHEV topology.
A forward-looking dynamic powertrain model is developed
for fuel economy evaluation and control strategy verification
over prescribed routes. It contains the following key elements:
• Quasi-static models of the engine and BSG;
• Low-frequency, dynamic model of the battery;
• Quasi-static models of the torque converter and transmis-
sion;
• Low-frequency model of the vehicle longitudinal dynam-
ics.
The structure of this forward model has been depicted in Fig.
3. The inputs to the plant model are the desired BSG torque
(T desbsg,t) and desired IMEP (p
des
ime,t). These are obtained from a
(simplified) model of the Electronic Control Unit (ECU), that
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contains a baseline torque split strategy and other essential
functions that allow conversion from driver’s input (pedal
position) to powertrain commands.
𝑛!" ,$
Vehicle 
Dynamics
Transmission 
(Gear Box)Engine 
BSG
Battery
Torque 
Converter
𝑇%&!,$ 𝜔'($ ,$
𝑇'($ ,$ 𝑣$𝜔%&!,$
𝑇)*!,$
𝑇+$ ,$
𝑇)*!,$,%* 𝜔)*!,$
𝜉$
𝑃)*!,$
𝑇$("),$𝜔$(") ,$?̇?- ,$
𝑙𝑜𝑐𝑘𝑠𝑙𝑖𝑝
𝐹)". ,$
Transmission Control 
Module
Plant Model
𝑝/0%,$,%*
Fig. 3: Block diagram of 48V P0 mild-hybrid drivetrain.
A. Engine Model
The engine fuel consumption is modeled as a static non-
linear map ψt(·, ·) of engine torque and speed. The brake
mean effective pressure, actual brake torque and fuel flow rate
obtained from this model can be respectively expressed as:
pbme,t = p
des
ime,t − pfme,t(T deseng,t, ωeng,t)− ppme,t(ωeng,t)
Teng,t = pbme,t · Vd
4pi
m˙f,t = ψt(Teng,t, ωeng,t)
(10)
where, ωeng,t is the engine speed, pfme,t is the friction mean
effective pressure and ppme,t is the pumping mean effective
pressure. These maps are based on steady-state engine test
bench data provided by a supplier; the same maps and torque
structure are used in the simplified ECU model.
B. BSG Model
A simplified, quasi-static model is used to compute the BSG
torque and electrical power output:
ωbsg,t = rbelt · ωeng,t
Pbsg,t = Tbsg,t · ωbsg,t · η¯bsg,t
η¯bsg,t =
{
ηbsg,t(ωbsg,t, Tbsg,t), Tbsg,t < 0
1
ηbsg,t(ωbsg,t,Tbsg,t)
, Tbsg,t > 0
(11)
where rbelt is the belt ratio, Pbsg,t is the electrical power
required to produce a torque Tbsg,t at speed ωbsg,t, and ηbsg,t
is the map-based BSG efficiency.
C. Battery Model
A zero-th order equivalent circuit model is used to compute
the battery State-of-Charge (SoC) and voltage. The model
equations are:
Ibatt,t =
Voc,t(ξt)−
√
V 2oc,t(ξt)− 4R0 · Pbsg,t
2R0
I¯batt,t = Ibatt,t + Ibias
dξt
dt
= − 1
Cnom
· I¯batt,t
(12)
where Voc,t is the battery open-circuit voltage, R0 is a map-
based approximation of the battery internal resistance, Ibatt,t
is the battery current, ξt is the battery SoC, and Cnom is the
nominal capacity of the battery. Further, a calibration term
Ibias is introduced as a highly simplified representation of the
on-board electrical auxiliary loads.
D. Torque Converter Model
A simplified torque converter model is developed with
the purpose of computing power losses during traction and
regeneration modes. The model equations are:
ωp,t = ωturb,t + ω
des
slip,t(ngr,t(vt, Teng,t), ωeng,t, Teng,t)
ωeng,t =

ωp,t, ωp,t ≥ ωeng,stall
ωidle, 0 ≤ ωp,t < ωeng,stall
0, 0 ≤ ωp,t < ωeng,stall, stop = 1
Tturb,t = Tpt,t
(13)
where ωp,t is the speed of the torque converter pump, ωturb,t
is the speed of the turbine and ωdesslip,t is the torque converter
clutch slip (determined by the ECU based on engine operating
condition); ωeng,stall is the speed at which the engine stalls,
ωidle is the idle speed (target) of the engine, stop is a flag
from the ECU indicating engine shut-off when the vehicle
is stationary, Tturb,t is the turbine torque, and Tpt,t is the
powertrain torque.
E. Transmission Model
The transmission is modeled as a static gearbox with effi-
ciency ηtrans,t, which is determined empirically from vehicle
test data:
ωturb,t = rf · rgr,t(ngr,t(vt, Teng,t)) · vt
Rw
Tout,t = rf · rgr,t(ngr,t(vt, Teng,t)) · Tturb,t · η¯tran,t
η¯tran,t =
ηtran,t(ωturb,t, Tturb,t), Tturb,t ≥ 01
ηtran,t(ωturb,t, Tturb,t)
, Tturb,t < 0
(14)
where rf is the final drive ratio, rgr,t is the gear ratio, Rw is
the rolling radius of the wheel, and Tout,t is the transmission
output shaft torque.
F. Vehicle Longitudinal Dynamics Model
This model is based on the road-load equation, in which
only longitudinal dynamics is considered to obtain the balance
of tractive force at the wheel and road-load [24]:
dvt
dt
=
Ftrc,t − Froad,t(vt)
M
Ftrc,t =
Tout,t
Rw
− Fbrk,t
(15)
where vt is the velocity of the vehicle, M is the mass of the
vehicle, Ftrc,t is the net force exerted by the propulsion system
(including braking force, Fbrk) of the vehicle and Froad,t is
the road-load; it is defined as the force imparted on a vehicle
while driving at constant speed over a smooth level surface
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from sources such as tire rolling resistance, driveline losses,
and aerodynamic drag:
Froad,t (vt) =
1
2
CxρaAfv
2
t +Mg cosα · Cr,t (vt)
+Mg sinα
(16)
where Cx is the aerodynamic drag coefficient, ρa is the
air density, Af is the effective aerodynamic frontal area,
Cr is rolling resistance coefficient, and α is the road grade
(expressed in rad).
G. Model Verification
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Fig. 4: Validation of forward vehicle model over FTP cycle.
The forward model is calibrated and verified using ex-
perimental data for the FTP regulatory drive cycle. Fig. 4
shows the results of vehicle model verification over the FTP
regulatory drive cycle. The experimental data for validation is
obtained from chassis dynamometer testing.
The fuel consumed over the cycle is well estimated by the
model, with error on the final value less than 4% relative to
the actual engine. Mismatches in fuel economy are caused by
differences in the model of the production powertrain control
strategy, which does not account for the different calibrations
of engine and BSG during cold start conditions. In lieu of the
approximations made, the calibration is considered satisfactory
for the purpose of predicting fuel consumption and battery SoC
profiles over user-defined routes.
V. FULL-ROUTE OPTIMIZATION USING DP-ECMS
To perform the constrained optimization problem described
in Section III, a custom DP-ECMS algorithm is developed and
employed. The reader should note that the notations defined
in Section II are used here as well, with frequent references to
the DP and ECMS equations, introduced in the same section.
This algorithm requires the state dynamics introduced in
(15), (12) to be discretized and transformed to spatial domain.
For each grid point k along the route:
v2k+1 = v
2
k + 2∆dk ·
(
Ftrc,k − Froad,k(vk)
M
)
ξk+1 = ξk − ∆dk
v¯k
· I¯batt,k
Cnom
, ∀k = 1, . . . , N − 1
(17)
where ∆dk is the distance over a stage (i.e. ∆dk = dk+1−dk,
with dk as the distance traveled along the route at grid
point k) and v¯k
(
= vk+vk+12
)
is the average velocity over
one stage. In this formulation, the signal phase information
of each traffic light is deterministically incorporated as part
of the initialization process before the trip begins. Varying
timing information (i.e. time in each phase) however, cannot
be utilized in the full-route optimization routine.
In this section, the DP-ECMS algorithm is introduced for
the global optimization comprising of N discrete grid points.
In this methodology, a constant equivalence factor is used
over the entire driving mission. The constraints of the N -step
optimization are:
vk ∈
[
vmink , v
max
k
]
, ∀k = 2, . . . , N
ξk ∈
[
ξmin, ξmax
]
, ∀k = 2, . . . , N
v1 = v
min
1 , ξ1 ∈
[
ξmin, ξmax
]
ak ∈
[
amin, amax
]
, ∀k = 1, . . . , N
Teng,k ∈
[
Tmineng,k (vk) , T
max
eng,k (vk)
]
,∀k = 1, . . . , N − 1
Tbsg,k ∈
[
Tminbsg,k (vk) , T
max
bsg,k (vk)
]
,∀k = 1, . . . , N − 1
(18)
where, vminveh and v
max
veh are the minimum and maximum route
speed limits respectively; ξmin and ξmax represent the static
limits applied on battery SoC variation; Tmineng and T
max
eng are
the state-dependent minimum and maximum torque limits of
the engine respectively, and Tminbsg and T
max
bsg are the state-
dependent minimum and maximum BSG torque limits respec-
tively. To ensure SoC-neutrality over the global optimization,
a terminal constraint is applied on the battery SoC: ξ1 = ξN .
Further, dynamical constraints are imposed by the vehicle
model dynamics, described in Equations 10 - 15.
A key element in the DP-ECMS method is the mapping
between the DP and the ECMS optimization problems. For a
given powertrain torque (control input from DP), the ECMS
yields the optimal torque split. Define at a grid point k,
νk : uk → u¯k such that u¯∗k = ν∗k(uk) is the optimal BSG
torque from the ECMS computed for each powertrain torque
uk. This map is used by the following DP problem, starting
with terminal cost JN (xN ) = gN (xN ):
Jk(xk) = min
µk(xk)
Jk+1(fk(xk, µk(xk), ν
∗
k ◦ µk(xk)))
+gk(xk, µk(xk), ν
∗
k ◦ µk(xk)),
∀k = 1, . . . , N − 1
(19)
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where the ◦ operator denotes the composition of respective
functions. In the model developed, the stage cost and cost-
to-go functions are defined using the states and the torque
split. As the control uk = µk(xk) contains only the powertrain
torque, it is necessary to augment (5) with ν∗k(uk) from the
ECMS, that is obtained by solving the following instantaneous
minimization problem at each stage k:
J¯∗k (uk) = min
νk(uk)
m˙f,k(xk, νk(uk))
+ λ · fpen,k(xk) ·
P desbatt,k(xk, νk(uk))
Qlhv
(20)
Equations 19 and 20 provide the optimal solution to the
problem formulated in Section III-B. The DP-ECMS algorithm
is compactly represented using the flowchart in Fig. 5. At
each grid point k along the route, the DP explores all feasible
combinations of the discretized state xk and control uk grids.
At each discretized powertrain torque, the embedded ECMS
algorithm determines the optimal torque split that is used in
the DP cost-to-go recursion. Starting from the terminal stage
(destination), the backward recursion yields the closed-loop
optimal control policy as well as the corresponding optimal
state trajectories over the full route.
DP
⌫⇤k(uk)
<latexit sha1_base6 4="0GCYcTfIXXngR2vfwl7Mmgxy8v0=">AAAB8 3icbVDLSsNAFL2pr1pfVZduBotQXZREBF0W3L isYB/QxDCZTtqhk0mYh1BCf8ONC0Xc+jPu/Bun bRbaeuDC4Zx7ufeeKONMadf9dkpr6xubW+Xtys 7u3v5B9fCoo1IjCW2TlKeyF2FFORO0rZnmtJd JipOI0240vp353ScqFUvFg55kNEjwULCYEayt5 PvCPF6E47oJx+dhteY23DnQKvEKUoMCrbD65Q 9SYhIqNOFYqb7nZjrIsdSMcDqt+EbRDJMxHtK+ pQInVAX5/OYpOrPKAMWptCU0mqu/J3KcKDVJI tuZYD1Sy95M/M/rGx3fBDkTmdFUkMWi2HCkUzQ LAA2YpETziSWYSGZvRWSEJSbaxlSxIXjLL6+Sz mXDcxve/VWtWS/iKMMJnEIdPLiGJtxBC9pAII NneIU3xzgvzrvzsWgtOcXMMfyB8/kDGSmQ+Q== </latexit><latexit sha1_base6 4="0GCYcTfIXXngR2vfwl7Mmgxy8v0=">AAAB8 3icbVDLSsNAFL2pr1pfVZduBotQXZREBF0W3L isYB/QxDCZTtqhk0mYh1BCf8ONC0Xc+jPu/Bun bRbaeuDC4Zx7ufeeKONMadf9dkpr6xubW+Xtys 7u3v5B9fCoo1IjCW2TlKeyF2FFORO0rZnmtJd JipOI0240vp353ScqFUvFg55kNEjwULCYEayt5 PvCPF6E47oJx+dhteY23DnQKvEKUoMCrbD65Q 9SYhIqNOFYqb7nZjrIsdSMcDqt+EbRDJMxHtK+ pQInVAX5/OYpOrPKAMWptCU0mqu/J3KcKDVJI tuZYD1Sy95M/M/rGx3fBDkTmdFUkMWi2HCkUzQ LAA2YpETziSWYSGZvRWSEJSbaxlSxIXjLL6+Sz mXDcxve/VWtWS/iKMMJnEIdPLiGJtxBC9pAII NneIU3xzgvzrvzsWgtOcXMMfyB8/kDGSmQ+Q== </latexit><latexit sha1_base6 4="0GCYcTfIXXngR2vfwl7Mmgxy8v0=">AAAB8 3icbVDLSsNAFL2pr1pfVZduBotQXZREBF0W3L isYB/QxDCZTtqhk0mYh1BCf8ONC0Xc+jPu/Bun bRbaeuDC4Zx7ufeeKONMadf9dkpr6xubW+Xtys 7u3v5B9fCoo1IjCW2TlKeyF2FFORO0rZnmtJd JipOI0240vp353ScqFUvFg55kNEjwULCYEayt5 PvCPF6E47oJx+dhteY23DnQKvEKUoMCrbD65Q 9SYhIqNOFYqb7nZjrIsdSMcDqt+EbRDJMxHtK+ pQInVAX5/OYpOrPKAMWptCU0mqu/J3KcKDVJI tuZYD1Sy95M/M/rGx3fBDkTmdFUkMWi2HCkUzQ LAA2YpETziSWYSGZvRWSEJSbaxlSxIXjLL6+Sz mXDcxve/VWtWS/iKMMJnEIdPLiGJtxBC9pAII NneIU3xzgvzrvzsWgtOcXMMfyB8/kDGSmQ+Q== </latexit><latexit sha1_base6 4="0GCYcTfIXXngR2vfwl7Mmgxy8v0=">AAAB8 3icbVDLSsNAFL2pr1pfVZduBotQXZREBF0W3L isYB/QxDCZTtqhk0mYh1BCf8ONC0Xc+jPu/Bun bRbaeuDC4Zx7ufeeKONMadf9dkpr6xubW+Xtys 7u3v5B9fCoo1IjCW2TlKeyF2FFORO0rZnmtJd JipOI0240vp353ScqFUvFg55kNEjwULCYEayt5 PvCPF6E47oJx+dhteY23DnQKvEKUoMCrbD65Q 9SYhIqNOFYqb7nZjrIsdSMcDqt+EbRDJMxHtK+ pQInVAX5/OYpOrPKAMWptCU0mqu/J3KcKDVJI tuZYD1Sy95M/M/rGx3fBDkTmdFUkMWi2HCkUzQ LAA2YpETziSWYSGZvRWSEJSbaxlSxIXjLL6+Sz mXDcxve/VWtWS/iKMMJnEIdPLiGJtxBC9pAII NneIU3xzgvzrvzsWgtOcXMMfyB8/kDGSmQ+Q== </latexit>
Jk(xk) = min
µk(xk)
Jk+1(fk(xk, µk(xk), ⌫
⇤
k   µk(xk)))
+ gk(xk, µk(xk), ⌫
⇤
k   µk(xk))
<latexit s ha1_base64="02WZK4g lVo1PlS+1iM+o40MhU gI=">AAACd3iclVFPSy MxHM3Mqqv1X3e96cEfV kurUmaWhfUiCHsRTwpW haYOmTRTwySZ2SSzbBn 6Ffxw3vweXrxtWgf8e /FB4PHe+5Hk/eJccGOD 4N7zv8zMzn2dX6gtLi2 vrNa/fb8wWaEp69JMZP oqJoYJrljXcivYVa4Zk bFgl3H6e+Jf/mXa8Ey d21HO+pIMFU84JdZJUf 32JEpb/6K0DYeAJVdRi WVRSWPAfwoygOZJVKZ7 4biVPBn7z5F9wMrx61 3AlGsKz067DRjXmnsw/ MxQVG8EnWAKeE/CijRQ hdOofocHGS0kU5YKYkw vDHLbL4m2nAo2ruHCsJ zQlAxZz1FFJDP9ctrb GHacMoAk0+4oC1P15UR JpDEjGbukJPbGvPUm4k der7DJQb/kKi8sU/Tpo qQQYDOYLAEGXDNqxcgR QjV3bwV6QzSh1q2q5k oI3375Pbn40QmDTnj2s 3HUquqYRxtoC7VQiH6h I3SMTlEXUfTgrXsNb9t 79Df9pl9lfa+aWUOv4 If/ASZxudI=</latexi t><latexit s ha1_base64="02WZK4g lVo1PlS+1iM+o40MhU gI=">AAACd3iclVFPSy MxHM3Mqqv1X3e96cEfV kurUmaWhfUiCHsRTwpW haYOmTRTwySZ2SSzbBn 6Ffxw3vweXrxtWgf8e /FB4PHe+5Hk/eJccGOD 4N7zv8zMzn2dX6gtLi2 vrNa/fb8wWaEp69JMZP oqJoYJrljXcivYVa4Zk bFgl3H6e+Jf/mXa8Ey d21HO+pIMFU84JdZJUf 32JEpb/6K0DYeAJVdRi WVRSWPAfwoygOZJVKZ7 4biVPBn7z5F9wMrx61 3AlGsKz067DRjXmnsw/ MxQVG8EnWAKeE/CijRQ hdOofocHGS0kU5YKYkw vDHLbL4m2nAo2ruHCsJ zQlAxZz1FFJDP9ctrb GHacMoAk0+4oC1P15UR JpDEjGbukJPbGvPUm4k der7DJQb/kKi8sU/Tpo qQQYDOYLAEGXDNqxcgR QjV3bwV6QzSh1q2q5k oI3375Pbn40QmDTnj2s 3HUquqYRxtoC7VQiH6h I3SMTlEXUfTgrXsNb9t 79Df9pl9lfa+aWUOv4 If/ASZxudI=</latexi t><latexit s ha1_base64="02WZK4g lVo1PlS+1iM+o40MhU gI=">AAACd3iclVFPSy MxHM3Mqqv1X3e96cEfV kurUmaWhfUiCHsRTwpW haYOmTRTwySZ2SSzbBn 6Ffxw3vweXrxtWgf8e /FB4PHe+5Hk/eJccGOD 4N7zv8zMzn2dX6gtLi2 vrNa/fb8wWaEp69JMZP oqJoYJrljXcivYVa4Zk bFgl3H6e+Jf/mXa8Ey d21HO+pIMFU84JdZJUf 32JEpb/6K0DYeAJVdRi WVRSWPAfwoygOZJVKZ7 4biVPBn7z5F9wMrx61 3AlGsKz067DRjXmnsw/ MxQVG8EnWAKeE/CijRQ hdOofocHGS0kU5YKYkw vDHLbL4m2nAo2ruHCsJ zQlAxZz1FFJDP9ctrb GHacMoAk0+4oC1P15UR JpDEjGbukJPbGvPUm4k der7DJQb/kKi8sU/Tpo qQQYDOYLAEGXDNqxcgR QjV3bwV6QzSh1q2q5k oI3375Pbn40QmDTnj2s 3HUquqYRxtoC7VQiH6h I3SMTlEXUfTgrXsNb9t 79Df9pl9lfa+aWUOv4 If/ASZxudI=</latexi t><latexit s ha1_base64="02WZK4g lVo1PlS+1iM+o40MhU gI=">AAACd3iclVFPSy MxHM3Mqqv1X3e96cEfV kurUmaWhfUiCHsRTwpW haYOmTRTwySZ2SSzbBn 6Ffxw3vweXrxtWgf8e /FB4PHe+5Hk/eJccGOD 4N7zv8zMzn2dX6gtLi2 vrNa/fb8wWaEp69JMZP oqJoYJrljXcivYVa4Zk bFgl3H6e+Jf/mXa8Ey d21HO+pIMFU84JdZJUf 32JEpb/6K0DYeAJVdRi WVRSWPAfwoygOZJVKZ7 4biVPBn7z5F9wMrx61 3AlGsKz067DRjXmnsw/ MxQVG8EnWAKeE/CijRQ hdOofocHGS0kU5YKYkw vDHLbL4m2nAo2ruHCsJ zQlAxZz1FFJDP9ctrb GHacMoAk0+4oC1P15UR JpDEjGbukJPbGvPUm4k der7DJQb/kKi8sU/Tpo qQQYDOYLAEGXDNqxcgR QjV3bwV6QzSh1q2q5k oI3375Pbn40QmDTnj2s 3HUquqYRxtoC7VQiH6h I3SMTlEXUfTgrXsNb9t 79Df9pl9lfa+aWUOv4 If/ASZxudI=</latexi t>
ECMS
JN (xN ) = gN (xN )
<latexit sha1_base6 4="txQPTcTxmx0L1LFcDBm05JetPVM=">AAAB/ HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXQjFN yIi1LBXqANYTKdtEMnkzAzEUuor+LGhSJufRB3 vo3TNgtt/WHg4z/ncM78QcKZ0o7zba2srq1vbB a2its7u3v79sFhS8WpJLRJYh7LToAV5UzQpma a004iKY4CTtvB6Hpabz9QqVgs7vU4oV6EB4KFj GBtLN8u3fr1yqNfP0VXaJCjb5edqjMTWgY3hz Lkavj2V68fkzSiQhOOleq6TqK9DEvNCKeTYi9V NMFkhAe0a1DgiCovmx0/QSfG6aMwluYJjWbu7 4kMR0qNo8B0RlgP1WJtav5X66Y6vPQyJpJUU0H mi8KUIx2jaRKozyQlmo8NYCKZuRWRIZaYaJNX0 YTgLn55GVpnVdepunfn5Volj6MAR3AMFXDhAm pwAw1oAoExPMMrvFlP1ov1bn3MW1esfKYEf2R9 /gCv+pLD</latexit><latexit sha1_base6 4="txQPTcTxmx0L1LFcDBm05JetPVM=">AAAB/ HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXQjFN yIi1LBXqANYTKdtEMnkzAzEUuor+LGhSJufRB3 vo3TNgtt/WHg4z/ncM78QcKZ0o7zba2srq1vbB a2its7u3v79sFhS8WpJLRJYh7LToAV5UzQpma a004iKY4CTtvB6Hpabz9QqVgs7vU4oV6EB4KFj GBtLN8u3fr1yqNfP0VXaJCjb5edqjMTWgY3hz Lkavj2V68fkzSiQhOOleq6TqK9DEvNCKeTYi9V NMFkhAe0a1DgiCovmx0/QSfG6aMwluYJjWbu7 4kMR0qNo8B0RlgP1WJtav5X66Y6vPQyJpJUU0H mi8KUIx2jaRKozyQlmo8NYCKZuRWRIZaYaJNX0 YTgLn55GVpnVdepunfn5Volj6MAR3AMFXDhAm pwAw1oAoExPMMrvFlP1ov1bn3MW1esfKYEf2R9 /gCv+pLD</latexit><latexit sha1_base6 4="txQPTcTxmx0L1LFcDBm05JetPVM=">AAAB/ HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXQjFN yIi1LBXqANYTKdtEMnkzAzEUuor+LGhSJufRB3 vo3TNgtt/WHg4z/ncM78QcKZ0o7zba2srq1vbB a2its7u3v79sFhS8WpJLRJYh7LToAV5UzQpma a004iKY4CTtvB6Hpabz9QqVgs7vU4oV6EB4KFj GBtLN8u3fr1yqNfP0VXaJCjb5edqjMTWgY3hz Lkavj2V68fkzSiQhOOleq6TqK9DEvNCKeTYi9V NMFkhAe0a1DgiCovmx0/QSfG6aMwluYJjWbu7 4kMR0qNo8B0RlgP1WJtav5X66Y6vPQyJpJUU0H mi8KUIx2jaRKozyQlmo8NYCKZuRWRIZaYaJNX0 YTgLn55GVpnVdepunfn5Volj6MAR3AMFXDhAm pwAw1oAoExPMMrvFlP1ov1bn3MW1esfKYEf2R9 /gCv+pLD</latexit><latexit sha1_base6 4="txQPTcTxmx0L1LFcDBm05JetPVM=">AAAB/ HicbZDLSsNAFIZPvNZ6i3bpZrAIdVMSEXQjFN yIi1LBXqANYTKdtEMnkzAzEUuor+LGhSJufRB3 vo3TNgtt/WHg4z/ncM78QcKZ0o7zba2srq1vbB a2its7u3v79sFhS8WpJLRJYh7LToAV5UzQpma a004iKY4CTtvB6Hpabz9QqVgs7vU4oV6EB4KFj GBtLN8u3fr1yqNfP0VXaJCjb5edqjMTWgY3hz Lkavj2V68fkzSiQhOOleq6TqK9DEvNCKeTYi9V NMFkhAe0a1DgiCovmx0/QSfG6aMwluYJjWbu7 4kMR0qNo8B0RlgP1WJtav5X66Y6vPQyJpJUU0H mi8KUIx2jaRKozyQlmo8NYCKZuRWRIZaYaJNX0 YTgLn55GVpnVdepunfn5Volj6MAR3AMFXDhAm pwAw1oAoExPMMrvFlP1ov1bn3MW1esfKYEf2R9 /gCv+pLD</latexit>
uk = [Tpt,k] 2 Uk ⇢ R
<latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCm WM=">AAACPXicbZDLSg MxFIYzXmu9VV26CRbBh ZQZUXQjFNy4rNIbdIYh k2Y0NJMMyRmhDPMkPoy 41SfwAdyJ4MqtmbYLb wcSPv4/J5zzR6ngBlz3 xZmbX1hcWq6sVFfX1jc 2a1vbXaMyTVmHKqF0Py KGCS5ZBzgI1k81I0kkW C8aXZR+745pw5Vswzh lQUJuJI85JWClsHaShS N8jgftME/hcFQE2OcS+ wmBW0pE3ims7ZssMgym ahTl10VYq7sNd1L4L3 gzqKNZtcLahz9UNEuYB CqIMQPPTSHIiQZOBSuq fmZYSuiI3LCBRUkSZoJ 8sl6B960yxLHS9kjAE/ V7R04SY8ZJZF+WE5rf Xike4vLWJjZTAqWEReu Wf5r/WgcZxGdBzmWaAZ N0OkecCQwKl1HiIdeMg hhbIFRzuwqmt0QTCjbw qs3I+53IX+geNTy34V 0d15sHs7QqaBftoQPko VPURJeohTqIonv0iJ7Q s/PgvDpvzvv06Zwz69l BP8r5/ALTGa6P</lat exit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCm WM=">AAACPXicbZDLSg MxFIYzXmu9VV26CRbBh ZQZUXQjFNy4rNIbdIYh k2Y0NJMMyRmhDPMkPoy 41SfwAdyJ4MqtmbYLb wcSPv4/J5zzR6ngBlz3 xZmbX1hcWq6sVFfX1jc 2a1vbXaMyTVmHKqF0Py KGCS5ZBzgI1k81I0kkW C8aXZR+745pw5Vswzh lQUJuJI85JWClsHaShS N8jgftME/hcFQE2OcS+ wmBW0pE3ims7ZssMgym ahTl10VYq7sNd1L4L3 gzqKNZtcLahz9UNEuYB CqIMQPPTSHIiQZOBSuq fmZYSuiI3LCBRUkSZoJ 8sl6B960yxLHS9kjAE/ V7R04SY8ZJZF+WE5rf Xike4vLWJjZTAqWEReu Wf5r/WgcZxGdBzmWaAZ N0OkecCQwKl1HiIdeMg hhbIFRzuwqmt0QTCjbw qs3I+53IX+geNTy34V 0d15sHs7QqaBftoQPko VPURJeohTqIonv0iJ7Q s/PgvDpvzvv06Zwz69l BP8r5/ALTGa6P</lat exit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCm WM=">AAACPXicbZDLSg MxFIYzXmu9VV26CRbBh ZQZUXQjFNy4rNIbdIYh k2Y0NJMMyRmhDPMkPoy 41SfwAdyJ4MqtmbYLb wcSPv4/J5zzR6ngBlz3 xZmbX1hcWq6sVFfX1jc 2a1vbXaMyTVmHKqF0Py KGCS5ZBzgI1k81I0kkW C8aXZR+745pw5Vswzh lQUJuJI85JWClsHaShS N8jgftME/hcFQE2OcS+ wmBW0pE3ims7ZssMgym ahTl10VYq7sNd1L4L3 gzqKNZtcLahz9UNEuYB CqIMQPPTSHIiQZOBSuq fmZYSuiI3LCBRUkSZoJ 8sl6B960yxLHS9kjAE/ V7R04SY8ZJZF+WE5rf Xike4vLWJjZTAqWEReu Wf5r/WgcZxGdBzmWaAZ N0OkecCQwKl1HiIdeMg hhbIFRzuwqmt0QTCjbw qs3I+53IX+geNTy34V 0d15sHs7QqaBftoQPko VPURJeohTqIonv0iJ7Q s/PgvDpvzvv06Zwz69l BP8r5/ALTGa6P</lat exit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCm WM=">AAACPXicbZDLSg MxFIYzXmu9VV26CRbBh ZQZUXQjFNy4rNIbdIYh k2Y0NJMMyRmhDPMkPoy 41SfwAdyJ4MqtmbYLb wcSPv4/J5zzR6ngBlz3 xZmbX1hcWq6sVFfX1jc 2a1vbXaMyTVmHKqF0Py KGCS5ZBzgI1k81I0kkW C8aXZR+745pw5Vswzh lQUJuJI85JWClsHaShS N8jgftME/hcFQE2OcS+ wmBW0pE3ims7ZssMgym ahTl10VYq7sNd1L4L3 gzqKNZtcLahz9UNEuYB CqIMQPPTSHIiQZOBSuq fmZYSuiI3LCBRUkSZoJ 8sl6B960yxLHS9kjAE/ V7R04SY8ZJZF+WE5rf Xike4vLWJjZTAqWEReu Wf5r/WgcZxGdBzmWaAZ N0OkecCQwKl1HiIdeMg hhbIFRzuwqmt0QTCjbw qs3I+53IX+geNTy34V 0d15sHs7QqaBftoQPko VPURJeohTqIonv0iJ7Q s/PgvDpvzvv06Zwz69l BP8r5/ALTGa6P</lat exit>
M⇤ =  µ⇤1, . . . , µ⇤N 1 
<latexit sha1_base6 4="fLGqw2sj5WsfzlFUVYAgBGsmfqk=">AAACQ 3icbZDLSgMxFIYz9VbrrerSTbAIVWqZEUFBhI IbN0oFe4FOLZk004ZmJkNyRihDH8aHEbe69Blc KW4FM20XWj2Q5OM/F3J+LxJcg22/Wpm5+YXFpe xybmV1bX0jv7lV1zJWlNWoFFI1PaKZ4CGrAQf BmpFiJPAEa3iDizTfuGdKcxnewjBi7YD0Qu5zS sBInfyZGxDoUyKSq9HdAT7HrmA+FN0g7iSOUU rY7UrQ5kmV68NUw67ivT7sd/IFu2yPA/8FZwoF NI1qJ/9uhtE4YCFQQbRuOXYE7YQo4FSwUc6NN YsIHZAeaxkMScB0OxkvOcJ7RuliXypzQsBj9Wd HQgKth4FnKtOV9GwuFUs4vZX29YRASmHQZNOZ+ r/WVgz+aTvhYRQDC+nkH34sMEicGoq7XDEKYm iAUMXNKpj2iSIUjO0545Ez68hfqB+VHbvs3BwX KsWpW1m0g3ZRETnoBFXQJaqiGqLoAT2hZ/RiP Vpv1of1OSnNWNOebfQrrK9vF0evYg==</latex it><latexit sha1_base6 4="fLGqw2sj5WsfzlFUVYAgBGsmfqk=">AAACQ 3icbZDLSgMxFIYz9VbrrerSTbAIVWqZEUFBhI IbN0oFe4FOLZk004ZmJkNyRihDH8aHEbe69Blc KW4FM20XWj2Q5OM/F3J+LxJcg22/Wpm5+YXFpe xybmV1bX0jv7lV1zJWlNWoFFI1PaKZ4CGrAQf BmpFiJPAEa3iDizTfuGdKcxnewjBi7YD0Qu5zS sBInfyZGxDoUyKSq9HdAT7HrmA+FN0g7iSOUU rY7UrQ5kmV68NUw67ivT7sd/IFu2yPA/8FZwoF NI1qJ/9uhtE4YCFQQbRuOXYE7YQo4FSwUc6NN YsIHZAeaxkMScB0OxkvOcJ7RuliXypzQsBj9Wd HQgKth4FnKtOV9GwuFUs4vZX29YRASmHQZNOZ+ r/WVgz+aTvhYRQDC+nkH34sMEicGoq7XDEKYm iAUMXNKpj2iSIUjO0545Ez68hfqB+VHbvs3BwX KsWpW1m0g3ZRETnoBFXQJaqiGqLoAT2hZ/RiP Vpv1of1OSnNWNOebfQrrK9vF0evYg==</latex it><latexit sha1_base6 4="fLGqw2sj5WsfzlFUVYAgBGsmfqk=">AAACQ 3icbZDLSgMxFIYz9VbrrerSTbAIVWqZEUFBhI IbN0oFe4FOLZk004ZmJkNyRihDH8aHEbe69Blc KW4FM20XWj2Q5OM/F3J+LxJcg22/Wpm5+YXFpe xybmV1bX0jv7lV1zJWlNWoFFI1PaKZ4CGrAQf BmpFiJPAEa3iDizTfuGdKcxnewjBi7YD0Qu5zS sBInfyZGxDoUyKSq9HdAT7HrmA+FN0g7iSOUU rY7UrQ5kmV68NUw67ivT7sd/IFu2yPA/8FZwoF NI1qJ/9uhtE4YCFQQbRuOXYE7YQo4FSwUc6NN YsIHZAeaxkMScB0OxkvOcJ7RuliXypzQsBj9Wd HQgKth4FnKtOV9GwuFUs4vZX29YRASmHQZNOZ+ r/WVgz+aTvhYRQDC+nkH34sMEicGoq7XDEKYm iAUMXNKpj2iSIUjO0545Ez68hfqB+VHbvs3BwX KsWpW1m0g3ZRETnoBFXQJaqiGqLoAT2hZ/RiP Vpv1of1OSnNWNOebfQrrK9vF0evYg==</latex it><latexit sha1_base6 4="fLGqw2sj5WsfzlFUVYAgBGsmfqk=">AAACQ 3icbZDLSgMxFIYz9VbrrerSTbAIVWqZEUFBhI IbN0oFe4FOLZk004ZmJkNyRihDH8aHEbe69Blc KW4FM20XWj2Q5OM/F3J+LxJcg22/Wpm5+YXFpe xybmV1bX0jv7lV1zJWlNWoFFI1PaKZ4CGrAQf BmpFiJPAEa3iDizTfuGdKcxnewjBi7YD0Qu5zS sBInfyZGxDoUyKSq9HdAT7HrmA+FN0g7iSOUU rY7UrQ5kmV68NUw67ivT7sd/IFu2yPA/8FZwoF NI1qJ/9uhtE4YCFQQbRuOXYE7YQo4FSwUc6NN YsIHZAeaxkMScB0OxkvOcJ7RuliXypzQsBj9Wd HQgKth4FnKtOV9GwuFUs4vZX29YRASmHQZNOZ+ r/WVgz+aTvhYRQDC+nkH34sMEicGoq7XDEKYm iAUMXNKpj2iSIUjO0545Ez68hfqB+VHbvs3BwX KsWpW1m0g3ZRETnoBFXQJaqiGqLoAT2hZ/RiP Vpv1of1OSnNWNOebfQrrK9vF0evYg==</latex it>
8k = 1, . . . , N   1
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xk =
⇥
v2k, ⇠k
⇤T 2 Xk ⇢ R2
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J¯⇤k (uk) = min
⌫k(uk)
m˙f,k(xk, ⌫k(uk))
+   · fp,k(xk) ·
P desbatt,k(xk, ⌫k(uk))
Qlhv
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Fig. 5: Schematic of the DP-ECMS algorithm for full-route
optimization.
As evident from the formulation, this approach utilizes a
constant λ over the entire driving mission. Additional calibra-
tion effort is necessary to appropriately select both λ and the
penalty function fpen,k that ensures boundedness of the SoC
state:
λ · fpen,k(ξk) = λ0 + tan(−(ξk − ξdes) · λ1) (21)
where ξdes is the target value that is commonly chosen as
the initial SoC ξ1, and (λ0, λ1) are constant calibration terms.
Here, a tan(·) function is chosen as its slope in the neigh-
borhood of ξdes is nearly zero (can be tuned using λ1). The
optimal value of λ0 that results in a charge-sustaining strategy
is dependent on the route characteristics. It is tuned using
the shooting method, in which the full-route optimization (in
which the ECMS routine is contained) is run with different λ0
to iteratively compute its optimal value.
VI. LOOK-AHEAD CONTROL USING DP-ECMS
To accommodate variability in route conditions and/or un-
certainty in route information in a computationally tractable
manner, a look-ahead control scheme using DP-ECMS is pro-
posed. Here, the full-route horizon of N -steps is truncated to
NH  N steps. The goal of the receding horizon optimization
in this paper is to add the capability of adapting to short-
term changes in route conditions while yielding results com-
parable to the full-route optimization in the absence of such
uncertainties or variabilities. To achieve this within the DP-
ECMS framework, two key challenges need to be addressed:
choice of terminal cost and constraints, and determination of
an appropriate λ for ECMS particularly for short horizons.
The terminal cost of the receding horizon optimization
problem is constructed using principles in Approximate DP,
specifically techniques based on approximation in the value
space. For some valid map νk, consider the following NH -
horizon one-step look-ahead control problem:
J˜j+NH (xj+NH ) = gj+NH (xj+NH ), ∀j = 1, . . . , N −NH
J˜k(xk) = min
µˆk(xk)
J˜k+1(fk(xk, µˆk(xk), ν
∗
k ◦ µˆk(xk)))
+gk(xk, µˆk(xk), ν
∗
k ◦ µˆk(xk)),
∀k = j, . . . , j +NH − 1
(22)
where, J˜j+NH (and as a result J˜k+1) is the cost-to-go of
a known suboptimal policy - a base policy, and Mˆ∗ :=(
µˆ∗j , . . . , µˆ
∗
j+NH−1
)
is the rollout policy. This type of formu-
lation, which falls under the class of rollout algorithms, offers
the desirable property of cost improvement - as long as the
base policy produces a feasible solution, the rollout algorithm
also produces a feasible solution, whose cost is no worse than
the cost corresponding to the base policy (proof in [30]).
In this work, the base policy is assigned as the optimal
cost-to-go function from the full-route DP optimization. Ap-
proximating the terminal cost in (22) as the optimal cost-to-
go function from the full-route optimization results in (19),
a derivative of the Bellman equation. In this way, while
providing policy improvement and adaptation to short-term
variabilities, this approach also provides a closed-loop optimal
policy that matches the full-route optimization if minimal or
no variabilities are experienced en route.
The methodology prescribed in Section V for the full-
route (or a long horizon) optimization involves defining a
terminal constraint on the battery SoC and tuning the λ for
charge-sustaining behavior. Applying the same methodology
to shorter horizons results in a highly conservative torque
split strategy. One of the inherent benefits from adopting the
aforementioned rollout algorithm approach is that it eliminates
the need to define terminal constraints on the battery SoC,
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<latexit sha1_base64="vSwM6NUjWAxHVNu8E cwJHPO0yQo=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KI0B4LXjxWMG2hDWWz3bRLN5uw+yKU 0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsY5JMM+6zRCa6F 1LDpVDcR4GS91LNaRxK3g2ndwu/+8S1EYl6xFnKg5iOlYgEo2glfzBK0AyrNbfuLkE2iVeQGhRoD6 tfNseymCtkkhrT99wUg5xqFEzyeWWQGZ5SNqVj3rdU0ZibIF8uOydXVhmRKNH2KSRL9Xcip7Exszi 0kzHFiVn3FuJ/Xj/DqBnkQqUZcsVWH0WZJJiQxeVkJDRnKGeWUKaF3ZWwCdWUoe2nYkvw1k/eJJ2b uufWvYfbWqtZ1FGGC7iEa/CgAS24hzb4wEDAM7zCm6OcF+fd+ViNlpwicw5/4Hz+AO5mjrg=</late xit><latexit sha1_base64="vSwM6NUjWAxHVNu8E cwJHPO0yQo=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KI0B4LXjxWMG2hDWWz3bRLN5uw+yKU 0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsY5JMM+6zRCa6F 1LDpVDcR4GS91LNaRxK3g2ndwu/+8S1EYl6xFnKg5iOlYgEo2glfzBK0AyrNbfuLkE2iVeQGhRoD6 tfNseymCtkkhrT99wUg5xqFEzyeWWQGZ5SNqVj3rdU0ZibIF8uOydXVhmRKNH2KSRL9Xcip7Exszi 0kzHFiVn3FuJ/Xj/DqBnkQqUZcsVWH0WZJJiQxeVkJDRnKGeWUKaF3ZWwCdWUoe2nYkvw1k/eJJ2b uufWvYfbWqtZ1FGGC7iEa/CgAS24hzb4wEDAM7zCm6OcF+fd+ViNlpwicw5/4Hz+AO5mjrg=</late xit><latexit sha1_base64="vSwM6NUjWAxHVNu8E cwJHPO0yQo=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KI0B4LXjxWMG2hDWWz3bRLN5uw+yKU 0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsY5JMM+6zRCa6F 1LDpVDcR4GS91LNaRxK3g2ndwu/+8S1EYl6xFnKg5iOlYgEo2glfzBK0AyrNbfuLkE2iVeQGhRoD6 tfNseymCtkkhrT99wUg5xqFEzyeWWQGZ5SNqVj3rdU0ZibIF8uOydXVhmRKNH2KSRL9Xcip7Exszi 0kzHFiVn3FuJ/Xj/DqBnkQqUZcsVWH0WZJJiQxeVkJDRnKGeWUKaF3ZWwCdWUoe2nYkvw1k/eJJ2b uufWvYfbWqtZ1FGGC7iEa/CgAS24hzb4wEDAM7zCm6OcF+fd+ViNlpwicw5/4Hz+AO5mjrg=</late xit><latexit sha1_base64="vSwM6NUjWAxHVNu8E cwJHPO0yQo=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KI0B4LXjxWMG2hDWWz3bRLN5uw+yKU 0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsY5JMM+6zRCa6F 1LDpVDcR4GS91LNaRxK3g2ndwu/+8S1EYl6xFnKg5iOlYgEo2glfzBK0AyrNbfuLkE2iVeQGhRoD6 tfNseymCtkkhrT99wUg5xqFEzyeWWQGZ5SNqVj3rdU0ZibIF8uOydXVhmRKNH2KSRL9Xcip7Exszi 0kzHFiVn3FuJ/Xj/DqBnkQqUZcsVWH0WZJJiQxeVkJDRnKGeWUKaF3ZWwCdWUoe2nYkvw1k/eJJ2b uufWvYfbWqtZ1FGGC7iEa/CgAS24hzb4wEDAM7zCm6OcF+fd+ViNlpwicw5/4Hz+AO5mjrg=</late xit>
J˜j+NH (xj+NH ) = gj+NH (xj+NH ), 8j = 1, . . . , N  NH
<latexit s ha1_base64="I/4TDNk 72skEQlh4RvH4djiZ63M =">AAACPXicbVC7SgNB FJ31GeMramkzGJSIMey KoI0QsAkWIUKigWxYZm cncZLZhzN3xbDkx2z8Bz s7GwtFbG2dPASNOTBwO Odc5t7jRoIrMM1nY2Z2 bn5hMbWUXl5ZXVvPbGxe qTCWlNVoKEJZd4ligge sBhwEq0eSEd8V7Nrtng /86zsmFQ+DKvQi1vRJO +AtTgloyclUbeDCY8lF3 0k6B2Wn1M/d/7B9fIbb U+Q8tm9j4mG7FUoiBO7 onJW3vRBUvnyoI04max bMIfB/Yo1JFo1RcTJPep rGPguACqJUwzIjaCZEA qeC9dN2rFhEaJe0WUPT gPhMNZPh9X28qxUP6130 CwAP1d8TCfGV6vmuTvo EbtSkNxCneY0YWqfNhA dRDCygo49ascAQ4kGV2 OOSURA9TQiVXO+K6Q2Rh IIuPK1LsCZP/k+ujgqW WbAuj7PFvXEdKbSNdlA OWegEFVEJVVANUfSAXt AbejcejVfjw/gcRWeM8c wW+gPj6xv9tqvm</lat exit><latexit s ha1_base64="I/4TDNk 72skEQlh4RvH4djiZ63M =">AAACPXicbVC7SgNB FJ31GeMramkzGJSIMey KoI0QsAkWIUKigWxYZm cncZLZhzN3xbDkx2z8Bz s7GwtFbG2dPASNOTBwO Odc5t7jRoIrMM1nY2Z2 bn5hMbWUXl5ZXVvPbGxe qTCWlNVoKEJZd4ligge sBhwEq0eSEd8V7Nrtng /86zsmFQ+DKvQi1vRJO +AtTgloyclUbeDCY8lF3 0k6B2Wn1M/d/7B9fIbb U+Q8tm9j4mG7FUoiBO7 onJW3vRBUvnyoI04max bMIfB/Yo1JFo1RcTJPep rGPguACqJUwzIjaCZEA qeC9dN2rFhEaJe0WUPT gPhMNZPh9X28qxUP6130 CwAP1d8TCfGV6vmuTvo EbtSkNxCneY0YWqfNhA dRDCygo49ascAQ4kGV2 OOSURA9TQiVXO+K6Q2Rh IIuPK1LsCZP/k+ujgqW WbAuj7PFvXEdKbSNdlA OWegEFVEJVVANUfSAXt AbejcejVfjw/gcRWeM8c wW+gPj6xv9tqvm</lat exit><latexit s ha1_base64="I/4TDNk 72skEQlh4RvH4djiZ63M =">AAACPXicbVC7SgNB FJ31GeMramkzGJSIMey KoI0QsAkWIUKigWxYZm cncZLZhzN3xbDkx2z8Bz s7GwtFbG2dPASNOTBwO Odc5t7jRoIrMM1nY2Z2 bn5hMbWUXl5ZXVvPbGxe qTCWlNVoKEJZd4ligge sBhwEq0eSEd8V7Nrtng /86zsmFQ+DKvQi1vRJO +AtTgloyclUbeDCY8lF3 0k6B2Wn1M/d/7B9fIbb U+Q8tm9j4mG7FUoiBO7 onJW3vRBUvnyoI04max bMIfB/Yo1JFo1RcTJPep rGPguACqJUwzIjaCZEA qeC9dN2rFhEaJe0WUPT gPhMNZPh9X28qxUP6130 CwAP1d8TCfGV6vmuTvo EbtSkNxCneY0YWqfNhA dRDCygo49ascAQ4kGV2 OOSURA9TQiVXO+K6Q2Rh IIuPK1LsCZP/k+ujgqW WbAuj7PFvXEdKbSNdlA OWegEFVEJVVANUfSAXt AbejcejVfjw/gcRWeM8c wW+gPj6xv9tqvm</lat exit><latexit s ha1_base64="I/4TDNk 72skEQlh4RvH4djiZ63M =">AAACPXicbVC7SgNB FJ31GeMramkzGJSIMey KoI0QsAkWIUKigWxYZm cncZLZhzN3xbDkx2z8Bz s7GwtFbG2dPASNOTBwO Odc5t7jRoIrMM1nY2Z2 bn5hMbWUXl5ZXVvPbGxe qTCWlNVoKEJZd4ligge sBhwEq0eSEd8V7Nrtng /86zsmFQ+DKvQi1vRJO +AtTgloyclUbeDCY8lF3 0k6B2Wn1M/d/7B9fIbb U+Q8tm9j4mG7FUoiBO7 onJW3vRBUvnyoI04max bMIfB/Yo1JFo1RcTJPep rGPguACqJUwzIjaCZEA qeC9dN2rFhEaJe0WUPT gPhMNZPh9X28qxUP6130 CwAP1d8TCfGV6vmuTvo EbtSkNxCneY0YWqfNhA dRDCygo49ascAQ4kGV2 OOSURA9TQiVXO+K6Q2Rh IIuPK1LsCZP/k+ujgqW WbAuj7PFvXEdKbSNdlA OWegEFVEJVVANUfSAXt AbejcejVfjw/gcRWeM8c wW+gPj6xv9tqvm</lat exit>
J˜j+NH (xj+NH ) = gj+NH (xj+NH ), 8j = 1, . . . , N  NH
<latexit sha1_base64="I/4TDNk72skEQlh4R vH4djiZ63M=">AAACPXicbVC7SgNBFJ31GeMramkzGJSIMeyKoI0QsAkWIUKigWxYZmcncZLZhzN3 xbDkx2z8Bzs7GwtFbG2dPASNOTBwOOdc5t7jRoIrMM1nY2Z2bn5hMbWUXl5ZXVvPbGxeqTCWlNVoK EJZd4liggesBhwEq0eSEd8V7Nrtng/86zsmFQ+DKvQi1vRJO+AtTgloyclUbeDCY8lF30k6B2Wn1M /d/7B9fIbbU+Q8tm9j4mG7FUoiBO7onJW3vRBUvnyoI04maxbMIfB/Yo1JFo1RcTJPeprGPguACqJ UwzIjaCZEAqeC9dN2rFhEaJe0WUPTgPhMNZPh9X28qxUP6130CwAP1d8TCfGV6vmuTvoEbtSkNxCn eY0YWqfNhAdRDCygo49ascAQ4kGV2OOSURA9TQiVXO+K6Q2RhIIuPK1LsCZP/k+ujgqWWbAuj7PFvX EdKbSNdlAOWegEFVEJVVANUfSAXtAbejcejVfjw/gcRWeM8cwW+gPj6xv9tqvm</latexit><latexit sha1_base64="I/4TDNk72skEQlh4R vH4djiZ63M=">AAACPXicbVC7SgNBFJ31GeMramkzGJSIMeyKoI0QsAkWIUKigWxYZmcncZLZhzN3 xbDkx2z8Bzs7GwtFbG2dPASNOTBwOOdc5t7jRoIrMM1nY2Z2bn5hMbWUXl5ZXVvPbGxeqTCWlNVoK EJZd4liggesBhwEq0eSEd8V7Nrtng/86zsmFQ+DKvQi1vRJO+AtTgloyclUbeDCY8lF30k6B2Wn1M /d/7B9fIbbU+Q8tm9j4mG7FUoiBO7onJW3vRBUvnyoI04maxbMIfB/Yo1JFo1RcTJPeprGPguACqJ UwzIjaCZEAqeC9dN2rFhEaJe0WUPTgPhMNZPh9X28qxUP6130CwAP1d8TCfGV6vmuTvoEbtSkNxCn eY0YWqfNhAdRDCygo49ascAQ4kGV2OOSURA9TQiVXO+K6Q2RhIIuPK1LsCZP/k+ujgqWWbAuj7PFvX EdKbSNdlAOWegEFVEJVVANUfSAXtAbejcejVfjw/gcRWeM8cwW+gPj6xv9tqvm</latexit><latexit sha1_base64="I/4TDNk72skEQlh4R vH4djiZ63M=">AAACPXicbVC7SgNBFJ31GeMramkzGJSIMeyKoI0QsAkWIUKigWxYZmcncZLZhzN3 xbDkx2z8Bzs7GwtFbG2dPASNOTBwOOdc5t7jRoIrMM1nY2Z2bn5hMbWUXl5ZXVvPbGxeqTCWlNVoK EJZd4liggesBhwEq0eSEd8V7Nrtng/86zsmFQ+DKvQi1vRJO+AtTgloyclUbeDCY8lF30k6B2Wn1M /d/7B9fIbbU+Q8tm9j4mG7FUoiBO7onJW3vRBUvnyoI04maxbMIfB/Yo1JFo1RcTJPeprGPguACqJ UwzIjaCZEAqeC9dN2rFhEaJe0WUPTgPhMNZPh9X28qxUP6130CwAP1d8TCfGV6vmuTvoEbtSkNxCn eY0YWqfNhAdRDCygo49ascAQ4kGV2OOSURA9TQiVXO+K6Q2RhIIuPK1LsCZP/k+ujgqWWbAuj7PFvX EdKbSNdlAOWegEFVEJVVANUfSAXtAbejcejVfjw/gcRWeM8cwW+gPj6xv9tqvm</latexit><latexit sha1_base64="I/4TDNk72skEQlh4R vH4djiZ63M=">AAACPXicbVC7SgNBFJ31GeMramkzGJSIMeyKoI0QsAkWIUKigWxYZmcncZLZhzN3 xbDkx2z8Bzs7GwtFbG2dPASNOTBwOOdc5t7jRoIrMM1nY2Z2bn5hMbWUXl5ZXVvPbGxeqTCWlNVoK EJZd4liggesBhwEq0eSEd8V7Nrtng/86zsmFQ+DKvQi1vRJO+AtTgloyclUbeDCY8lF30k6B2Wn1M /d/7B9fIbbU+Q8tm9j4mG7FUoiBO7onJW3vRBUvnyoI04maxbMIfB/Yo1JFo1RcTJPeprGPguACqJ UwzIjaCZEAqeC9dN2rFhEaJe0WUPTgPhMNZPh9X28qxUP6130CwAP1d8TCfGV6vmuTvoEbtSkNxCn eY0YWqfNhAdRDCygo49ascAQ4kGV2OOSURA9TQiVXO+K6Q2RhIIuPK1LsCZP/k+ujgqWWbAuj7PFvX EdKbSNdlAOWegEFVEJVVANUfSAXtAbejcejVfjw/gcRWeM8cwW+gPj6xv9tqvm</latexit>
ECMS
Cost-to-go Recursion
⌫⇤k,1(uk)
<latexit sha1_base64 ="xUSxIUeHAOpz76IiqK9T6M66QU8=">AAAB+X icbVDLSsNAFL3xWesr6tJNsChVpCQi6LLgxmUF+ 4A2hsl00g6ZTMI8CiX0T9y4UMStf+LOv3HaZqG tBy4czrmXe+8JM0alct1va2V1bX1js7RV3t7Z3d u3Dw5bMtUCkyZOWSo6IZKEUU6aiipGOpkgKAkZ aYfx3dRvj4iQNOWPapwRP0EDTiOKkTJSYNs9rp8 ugjy+9CZVHcTngV1xa+4MzjLxClKBAo3A/ur1U6 wTwhVmSMqu52bKz5FQFDMyKfe0JBnCMRqQrqEc JUT6+ezyiXNqlL4TpcIUV85M/T2Ro0TKcRKazgS poVz0puJ/Xler6NbPKc+0IhzPF0WaOSp1pjE4f SoIVmxsCMKCmlsdPEQCYWXCKpsQvMWXl0nrqua5 Ne/hulI/K+IowTGcQBU8uIE63EMDmoBhBM/wCm 9Wbr1Y79bHvHXFKmaO4A+szx88T5Kl</latexit ><latexit sha1_base64 ="xUSxIUeHAOpz76IiqK9T6M66QU8=">AAAB+X icbVDLSsNAFL3xWesr6tJNsChVpCQi6LLgxmUF+ 4A2hsl00g6ZTMI8CiX0T9y4UMStf+LOv3HaZqG tBy4czrmXe+8JM0alct1va2V1bX1js7RV3t7Z3d u3Dw5bMtUCkyZOWSo6IZKEUU6aiipGOpkgKAkZ aYfx3dRvj4iQNOWPapwRP0EDTiOKkTJSYNs9rp8 ugjy+9CZVHcTngV1xa+4MzjLxClKBAo3A/ur1U6 wTwhVmSMqu52bKz5FQFDMyKfe0JBnCMRqQrqEc JUT6+ezyiXNqlL4TpcIUV85M/T2Ro0TKcRKazgS poVz0puJ/Xler6NbPKc+0IhzPF0WaOSp1pjE4f SoIVmxsCMKCmlsdPEQCYWXCKpsQvMWXl0nrqua5 Ne/hulI/K+IowTGcQBU8uIE63EMDmoBhBM/wCm 9Wbr1Y79bHvHXFKmaO4A+szx88T5Kl</latexit ><latexit sha1_base64 ="xUSxIUeHAOpz76IiqK9T6M66QU8=">AAAB+X icbVDLSsNAFL3xWesr6tJNsChVpCQi6LLgxmUF+ 4A2hsl00g6ZTMI8CiX0T9y4UMStf+LOv3HaZqG tBy4czrmXe+8JM0alct1va2V1bX1js7RV3t7Z3d u3Dw5bMtUCkyZOWSo6IZKEUU6aiipGOpkgKAkZ aYfx3dRvj4iQNOWPapwRP0EDTiOKkTJSYNs9rp8 ugjy+9CZVHcTngV1xa+4MzjLxClKBAo3A/ur1U6 wTwhVmSMqu52bKz5FQFDMyKfe0JBnCMRqQrqEc JUT6+ezyiXNqlL4TpcIUV85M/T2Ro0TKcRKazgS poVz0puJ/Xler6NbPKc+0IhzPF0WaOSp1pjE4f SoIVmxsCMKCmlsdPEQCYWXCKpsQvMWXl0nrqua5 Ne/hulI/K+IowTGcQBU8uIE63EMDmoBhBM/wCm 9Wbr1Y79bHvHXFKmaO4A+szx88T5Kl</latexit ><latexit sha1_base64 ="xUSxIUeHAOpz76IiqK9T6M66QU8=">AAAB+X icbVDLSsNAFL3xWesr6tJNsChVpCQi6LLgxmUF+ 4A2hsl00g6ZTMI8CiX0T9y4UMStf+LOv3HaZqG tBy4czrmXe+8JM0alct1va2V1bX1js7RV3t7Z3d u3Dw5bMtUCkyZOWSo6IZKEUU6aiipGOpkgKAkZ aYfx3dRvj4iQNOWPapwRP0EDTiOKkTJSYNs9rp8 ugjy+9CZVHcTngV1xa+4MzjLxClKBAo3A/ur1U6 wTwhVmSMqu52bKz5FQFDMyKfe0JBnCMRqQrqEc JUT6+ezyiXNqlL4TpcIUV85M/T2Ro0TKcRKazgS poVz0puJ/Xler6NbPKc+0IhzPF0WaOSp1pjE4f SoIVmxsCMKCmlsdPEQCYWXCKpsQvMWXl0nrqua5 Ne/hulI/K+IowTGcQBU8uIE63EMDmoBhBM/wCm 9Wbr1Y79bHvHXFKmaO4A+szx88T5Kl</latexit >
⌫⇤k,ni(uk)
<latexit sha1_base64="8nw6Y2T/rI4JhORrI Bnvl0x/tDQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotSRUoigi4LblxWsA9oY5hMJ+2QySTMQywh v+LGhSJu/RF3/o3TNgttPXDhcM693HtPkDIqleN8W6WV1bX1jfJmZWt7Z3fP3q92ZKIFJm2csET0A iQJo5y0FVWM9FJBUBww0g2im6nffSRC0oTfq0lKvBiNOA0pRspIvl0dcP1w5mfROfdpXtd+dOrbNa fhzACXiVuQGijQ8u2vwTDBOiZcYYak7LtOqrwMCUUxI3lloCVJEY7QiPQN5Sgm0stmt+fw2ChDGCb CFFdwpv6eyFAs5SQOTGeM1FguelPxP6+vVXjtZZSnWhGO54tCzaBK4DQIOKSCYMUmhiAsqLkV4jES CCsTV8WE4C6+vEw6Fw3Xabh3l7XmSRFHGRyCI1AHLrgCTXALWqANMHgCz+AVvFm59WK9Wx/z1pJVzB yAP7A+fwAgDpO+</latexit><latexit sha1_base64="8nw6Y2T/rI4JhORrI Bnvl0x/tDQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotSRUoigi4LblxWsA9oY5hMJ+2QySTMQywh v+LGhSJu/RF3/o3TNgttPXDhcM693HtPkDIqleN8W6WV1bX1jfJmZWt7Z3fP3q92ZKIFJm2csET0A iQJo5y0FVWM9FJBUBww0g2im6nffSRC0oTfq0lKvBiNOA0pRspIvl0dcP1w5mfROfdpXtd+dOrbNa fhzACXiVuQGijQ8u2vwTDBOiZcYYak7LtOqrwMCUUxI3lloCVJEY7QiPQN5Sgm0stmt+fw2ChDGCb CFFdwpv6eyFAs5SQOTGeM1FguelPxP6+vVXjtZZSnWhGO54tCzaBK4DQIOKSCYMUmhiAsqLkV4jES CCsTV8WE4C6+vEw6Fw3Xabh3l7XmSRFHGRyCI1AHLrgCTXALWqANMHgCz+AVvFm59WK9Wx/z1pJVzB yAP7A+fwAgDpO+</latexit><latexit sha1_base64="8nw6Y2T/rI4JhORrI Bnvl0x/tDQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotSRUoigi4LblxWsA9oY5hMJ+2QySTMQywh v+LGhSJu/RF3/o3TNgttPXDhcM693HtPkDIqleN8W6WV1bX1jfJmZWt7Z3fP3q92ZKIFJm2csET0A iQJo5y0FVWM9FJBUBww0g2im6nffSRC0oTfq0lKvBiNOA0pRspIvl0dcP1w5mfROfdpXtd+dOrbNa fhzACXiVuQGijQ8u2vwTDBOiZcYYak7LtOqrwMCUUxI3lloCVJEY7QiPQN5Sgm0stmt+fw2ChDGCb CFFdwpv6eyFAs5SQOTGeM1FguelPxP6+vVXjtZZSnWhGO54tCzaBK4DQIOKSCYMUmhiAsqLkV4jES CCsTV8WE4C6+vEw6Fw3Xabh3l7XmSRFHGRyCI1AHLrgCTXALWqANMHgCz+AVvFm59WK9Wx/z1pJVzB yAP7A+fwAgDpO+</latexit><latexit sha1_base64="8nw6Y2T/rI4JhORrI Bnvl0x/tDQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotSRUoigi4LblxWsA9oY5hMJ+2QySTMQywh v+LGhSJu/RF3/o3TNgttPXDhcM693HtPkDIqleN8W6WV1bX1jfJmZWt7Z3fP3q92ZKIFJm2csET0A iQJo5y0FVWM9FJBUBww0g2im6nffSRC0oTfq0lKvBiNOA0pRspIvl0dcP1w5mfROfdpXtd+dOrbNa fhzACXiVuQGijQ8u2vwTDBOiZcYYak7LtOqrwMCUUxI3lloCVJEY7QiPQN5Sgm0stmt+fw2ChDGCb CFFdwpv6eyFAs5SQOTGeM1FguelPxP6+vVXjtZZSnWhGO54tCzaBK4DQIOKSCYMUmhiAsqLkV4jES CCsTV8WE4C6+vEw6Fw3Xabh3l7XmSRFHGRyCI1AHLrgCTXALWqANMHgCz+AVvFm59WK9Wx/z1pJVzB yAP7A+fwAgDpO+</latexit>
Mˆ⇤ =  µˆ⇤1, . . . , µˆ⇤N NH 
<latexit sha1_base64="A4ZlscmQoA001dM5A f6DEsaXOi0=">AAACV3icbVHdSsMwGM3q35x/m156ExyKio5WBL0RBt5445zgVFhnSbN0C0ubknwV Rulj+TDirT6AT6DpVvD3gySHc74T8p34seAabPu5ZM3Mzs0vlBcrS8srq2vV2vqtlomirEOlkOreJ 5oJHrEOcBDsPlaMhL5gd/7oPNfvHpnSXEY3MI5ZLySDiAecEjCUV71yhwRSNyQwpESkl1n2sI/PsC tYALuFlmRe6hj+ALt9CdocX3zrsOVd5B5X8cEQ9rxq3W7Yk8J/gVOAOiqq7VXfzaU0CVkEVBCtu44 dQy8lCjgVLKu4iWYxoSMyYF0DIxIy3Usng2d42zB9HEhlVgR4wn53pCTUehz6pjOfUP/WcvIA57vS gZ4ikFIYaNT8Tv2ftZtAcNpLeRQnwCI6fUeQCAwS5yHjPleMghgbQKjiZhRMh0QRCuYrKiYj53cif8 HtUcOxG871cb25U6RVRptoC+0iB52gJrpAbdRBFD2hF/SK3krPpQ9r3ipPW61S4dlAP8qqfQK+NrW i</latexit><latexit sha1_base64="A4ZlscmQoA001dM5A f6DEsaXOi0=">AAACV3icbVHdSsMwGM3q35x/m156ExyKio5WBL0RBt5445zgVFhnSbN0C0ubknwV Rulj+TDirT6AT6DpVvD3gySHc74T8p34seAabPu5ZM3Mzs0vlBcrS8srq2vV2vqtlomirEOlkOreJ 5oJHrEOcBDsPlaMhL5gd/7oPNfvHpnSXEY3MI5ZLySDiAecEjCUV71yhwRSNyQwpESkl1n2sI/PsC tYALuFlmRe6hj+ALt9CdocX3zrsOVd5B5X8cEQ9rxq3W7Yk8J/gVOAOiqq7VXfzaU0CVkEVBCtu44 dQy8lCjgVLKu4iWYxoSMyYF0DIxIy3Usng2d42zB9HEhlVgR4wn53pCTUehz6pjOfUP/WcvIA57vS gZ4ikFIYaNT8Tv2ftZtAcNpLeRQnwCI6fUeQCAwS5yHjPleMghgbQKjiZhRMh0QRCuYrKiYj53cif8 HtUcOxG871cb25U6RVRptoC+0iB52gJrpAbdRBFD2hF/SK3krPpQ9r3ipPW61S4dlAP8qqfQK+NrW i</latexit><latexit sha1_base64="A4ZlscmQoA001dM5A f6DEsaXOi0=">AAACV3icbVHdSsMwGM3q35x/m156ExyKio5WBL0RBt5445zgVFhnSbN0C0ubknwV Rulj+TDirT6AT6DpVvD3gySHc74T8p34seAabPu5ZM3Mzs0vlBcrS8srq2vV2vqtlomirEOlkOreJ 5oJHrEOcBDsPlaMhL5gd/7oPNfvHpnSXEY3MI5ZLySDiAecEjCUV71yhwRSNyQwpESkl1n2sI/PsC tYALuFlmRe6hj+ALt9CdocX3zrsOVd5B5X8cEQ9rxq3W7Yk8J/gVOAOiqq7VXfzaU0CVkEVBCtu44 dQy8lCjgVLKu4iWYxoSMyYF0DIxIy3Usng2d42zB9HEhlVgR4wn53pCTUehz6pjOfUP/WcvIA57vS gZ4ikFIYaNT8Tv2ftZtAcNpLeRQnwCI6fUeQCAwS5yHjPleMghgbQKjiZhRMh0QRCuYrKiYj53cif8 HtUcOxG871cb25U6RVRptoC+0iB52gJrpAbdRBFD2hF/SK3krPpQ9r3ipPW61S4dlAP8qqfQK+NrW i</latexit><latexit sha1_base64="A4ZlscmQoA001dM5A f6DEsaXOi0=">AAACV3icbVHdSsMwGM3q35x/m156ExyKio5WBL0RBt5445zgVFhnSbN0C0ubknwV Rulj+TDirT6AT6DpVvD3gySHc74T8p34seAabPu5ZM3Mzs0vlBcrS8srq2vV2vqtlomirEOlkOreJ 5oJHrEOcBDsPlaMhL5gd/7oPNfvHpnSXEY3MI5ZLySDiAecEjCUV71yhwRSNyQwpESkl1n2sI/PsC tYALuFlmRe6hj+ALt9CdocX3zrsOVd5B5X8cEQ9rxq3W7Yk8J/gVOAOiqq7VXfzaU0CVkEVBCtu44 dQy8lCjgVLKu4iWYxoSMyYF0DIxIy3Usng2d42zB9HEhlVgR4wn53pCTUehz6pjOfUP/WcvIA57vS gZ4ikFIYaNT8Tv2ftZtAcNpLeRQnwCI6fUeQCAwS5yHjPleMghgbQKjiZhRMh0QRCuYrKiYj53cif8 HtUcOxG871cb25U6RVRptoC+0iB52gJrpAbdRBFD2hF/SK3krPpQ9r3ipPW61S4dlAP8qqfQK+NrW i</latexit>
uk = [Tpt,k] 2 Uk ⇢ R
<latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCmWM =">AAACPXicbZDLSgMx FIYzXmu9VV26CRbBhZQ ZUXQjFNy4rNIbdIYhk2 Y0NJMMyRmhDPMkPoy41S fwAdyJ4MqtmbYLbwcSP v4/J5zzR6ngBlz3xZmb X1hcWq6sVFfX1jc2a1vb XaMyTVmHKqF0PyKGCS5 ZBzgI1k81I0kkWC8aXZ R+745pw5VswzhlQUJuJ I85JWClsHaShSN8jgftM E/hcFQE2OcS+wmBW0pE 3ims7ZssMgymahTl10V Yq7sNd1L4L3gzqKNZtc Lahz9UNEuYBCqIMQPPTS HIiQZOBSuqfmZYSuiI3 LCBRUkSZoJ8sl6B960y xLHS9kjAE/V7R04SY8ZJ ZF+WE5rfXike4vLWJjZ TAqWEReuWf5r/WgcZxG dBzmWaAZN0OkecCQwKl 1HiIdeMghhbIFRzuwqmt 0QTCjbwqs3I+53IX+ge NTy34V0d15sHs7QqaBf toQPkoVPURJeohTqIon v0iJ7Qs/PgvDpvzvv06Z wz69lBP8r5/ALTGa6P< /latexit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCmWM =">AAACPXicbZDLSgMx FIYzXmu9VV26CRbBhZQ ZUXQjFNy4rNIbdIYhk2 Y0NJMMyRmhDPMkPoy41S fwAdyJ4MqtmbYLbwcSP v4/J5zzR6ngBlz3xZmb X1hcWq6sVFfX1jc2a1vb XaMyTVmHKqF0PyKGCS5 ZBzgI1k81I0kkWC8aXZ R+745pw5VswzhlQUJuJ I85JWClsHaShSN8jgftM E/hcFQE2OcS+wmBW0pE 3ims7ZssMgymahTl10V Yq7sNd1L4L3gzqKNZtc Lahz9UNEuYBCqIMQPPTS HIiQZOBSuqfmZYSuiI3 LCBRUkSZoJ8sl6B960y xLHS9kjAE/V7R04SY8ZJ ZF+WE5rfXike4vLWJjZ TAqWEReuWf5r/WgcZxG dBzmWaAZN0OkecCQwKl 1HiIdeMghhbIFRzuwqmt 0QTCjbwqs3I+53IX+ge NTy34V0d15sHs7QqaBf toQPkoVPURJeohTqIon v0iJ7Qs/PgvDpvzvv06Z wz69lBP8r5/ALTGa6P< /latexit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCmWM =">AAACPXicbZDLSgMx FIYzXmu9VV26CRbBhZQ ZUXQjFNy4rNIbdIYhk2 Y0NJMMyRmhDPMkPoy41S fwAdyJ4MqtmbYLbwcSP v4/J5zzR6ngBlz3xZmb X1hcWq6sVFfX1jc2a1vb XaMyTVmHKqF0PyKGCS5 ZBzgI1k81I0kkWC8aXZ R+745pw5VswzhlQUJuJ I85JWClsHaShSN8jgftM E/hcFQE2OcS+wmBW0pE 3ims7ZssMgymahTl10V Yq7sNd1L4L3gzqKNZtc Lahz9UNEuYBCqIMQPPTS HIiQZOBSuqfmZYSuiI3 LCBRUkSZoJ8sl6B960y xLHS9kjAE/V7R04SY8ZJ ZF+WE5rfXike4vLWJjZ TAqWEReuWf5r/WgcZxG dBzmWaAZN0OkecCQwKl 1HiIdeMghhbIFRzuwqmt 0QTCjbwqs3I+53IX+ge NTy34V0d15sHs7QqaBf toQPkoVPURJeohTqIon v0iJ7Qs/PgvDpvzvv06Z wz69lBP8r5/ALTGa6P< /latexit><latexit s ha1_base64="9T08p4G 4acmqIIqSeFJmLhfCmWM =">AAACPXicbZDLSgMx FIYzXmu9VV26CRbBhZQ ZUXQjFNy4rNIbdIYhk2 Y0NJMMyRmhDPMkPoy41S fwAdyJ4MqtmbYLbwcSP v4/J5zzR6ngBlz3xZmb X1hcWq6sVFfX1jc2a1vb XaMyTVmHKqF0PyKGCS5 ZBzgI1k81I0kkWC8aXZ R+745pw5VswzhlQUJuJ I85JWClsHaShSN8jgftM E/hcFQE2OcS+wmBW0pE 3ims7ZssMgymahTl10V Yq7sNd1L4L3gzqKNZtc Lahz9UNEuYBCqIMQPPTS HIiQZOBSuqfmZYSuiI3 LCBRUkSZoJ8sl6B960y xLHS9kjAE/V7R04SY8ZJ ZF+WE5rfXike4vLWJjZ TAqWEReuWf5r/WgcZxG dBzmWaAZN0OkecCQwKl 1HiIdeMghhbIFRzuwqmt 0QTCjbwqs3I+53IX+ge NTy34V0d15sHs7QqaBf toQPkoVPURJeohTqIon v0iJ7Qs/PgvDpvzvv06Z wz69lBP8r5/ALTGa6P< /latexit>
xk =
⇥
v2k, ⇠k
⇤T 2 Xk ⇢ R2
<latexit s ha1_base64="xTr96Iw ptJbwvH5TVnA8TGE6Lt8 =">AAACUnicbVLBahsx EJXdtHUdt3GbYy4iJpC DMbshkF4Khl5CT0mIE4 N3s2jlWVusVlqkWWOz+J /6MaGQU/ILufZUre1Da 3dA4vFm3jDzpDiXwqLn PdXqb/bevnvf+NDcb338 dND+/OXO6sJwGHAttRn GzIIUCgYoUMIwN8CyWM J9nH6v8vczMFZodYuLH MKMTZRIBGfoqKj9Yx6l9 BsNJCQ4mkVlunw469Jg LqI0MGIyxfDhlgZC0SB jOOVMlsOlUwS2iC3gmo 3j8sbJonbH63mroLvA34 AO2cRV1H4NxpoXGSjkk lk78r0cw5IZFFzCshkU FnLGUzaBkYOKZWDDcrXz kp44ZkwTbdxRSFfs34q SZdYusthVVjPa7VxFdm l1G5vYNUKtpYMuW/W0/ 5OOCky+hqVQeYGg+HqOp JAUNa38pWNhgKNcOMC4 EW4VyqfMMI7uFZrOI3/ bkV1wd9bzvZ5/fd7pn2 7capAjckxOiU8uSJ9cki syIJz8JL/IM3mpPdZ+1 90vWZfWaxvNIfkn6q0/ PIu0Ig==</latexit><latexit s ha1_base64="xTr96Iw ptJbwvH5TVnA8TGE6Lt8 =">AAACUnicbVLBahsx EJXdtHUdt3GbYy4iJpC DMbshkF4Khl5CT0mIE4 N3s2jlWVusVlqkWWOz+J /6MaGQU/ILufZUre1Da 3dA4vFm3jDzpDiXwqLn PdXqb/bevnvf+NDcb338 dND+/OXO6sJwGHAttRn GzIIUCgYoUMIwN8CyWM J9nH6v8vczMFZodYuLH MKMTZRIBGfoqKj9Yx6l9 BsNJCQ4mkVlunw469Jg LqI0MGIyxfDhlgZC0SB jOOVMlsOlUwS2iC3gmo 3j8sbJonbH63mroLvA34 AO2cRV1H4NxpoXGSjkk lk78r0cw5IZFFzCshkU FnLGUzaBkYOKZWDDcrXz kp44ZkwTbdxRSFfs34q SZdYusthVVjPa7VxFdm l1G5vYNUKtpYMuW/W0/ 5OOCky+hqVQeYGg+HqOp JAUNa38pWNhgKNcOMC4 EW4VyqfMMI7uFZrOI3/ bkV1wd9bzvZ5/fd7pn2 7capAjckxOiU8uSJ9cki syIJz8JL/IM3mpPdZ+1 90vWZfWaxvNIfkn6q0/ PIu0Ig==</latexit><latexit s ha1_base64="xTr96Iw ptJbwvH5TVnA8TGE6Lt8 =">AAACUnicbVLBahsx EJXdtHUdt3GbYy4iJpC DMbshkF4Khl5CT0mIE4 N3s2jlWVusVlqkWWOz+J /6MaGQU/ILufZUre1Da 3dA4vFm3jDzpDiXwqLn PdXqb/bevnvf+NDcb338 dND+/OXO6sJwGHAttRn GzIIUCgYoUMIwN8CyWM J9nH6v8vczMFZodYuLH MKMTZRIBGfoqKj9Yx6l9 BsNJCQ4mkVlunw469Jg LqI0MGIyxfDhlgZC0SB jOOVMlsOlUwS2iC3gmo 3j8sbJonbH63mroLvA34 AO2cRV1H4NxpoXGSjkk lk78r0cw5IZFFzCshkU FnLGUzaBkYOKZWDDcrXz kp44ZkwTbdxRSFfs34q SZdYusthVVjPa7VxFdm l1G5vYNUKtpYMuW/W0/ 5OOCky+hqVQeYGg+HqOp JAUNa38pWNhgKNcOMC4 EW4VyqfMMI7uFZrOI3/ bkV1wd9bzvZ5/fd7pn2 7capAjckxOiU8uSJ9cki syIJz8JL/IM3mpPdZ+1 90vWZfWaxvNIfkn6q0/ PIu0Ig==</latexit><latexit s ha1_base64="xTr96Iw ptJbwvH5TVnA8TGE6Lt8 =">AAACUnicbVLBahsx EJXdtHUdt3GbYy4iJpC DMbshkF4Khl5CT0mIE4 N3s2jlWVusVlqkWWOz+J /6MaGQU/ILufZUre1Da 3dA4vFm3jDzpDiXwqLn PdXqb/bevnvf+NDcb338 dND+/OXO6sJwGHAttRn GzIIUCgYoUMIwN8CyWM J9nH6v8vczMFZodYuLH MKMTZRIBGfoqKj9Yx6l9 BsNJCQ4mkVlunw469Jg LqI0MGIyxfDhlgZC0SB jOOVMlsOlUwS2iC3gmo 3j8sbJonbH63mroLvA34 AO2cRV1H4NxpoXGSjkk lk78r0cw5IZFFzCshkU FnLGUzaBkYOKZWDDcrXz kp44ZkwTbdxRSFfs34q SZdYusthVVjPa7VxFdm l1G5vYNUKtpYMuW/W0/ 5OOCky+hqVQeYGg+HqOp JAUNa38pWNhgKNcOMC4 EW4VyqfMMI7uFZrOI3/ bkV1wd9bzvZ5/fd7pn2 7capAjckxOiU8uSJ9cki syIJz8JL/IM3mpPdZ+1 90vWZfWaxvNIfkn6q0/ PIu0Ig==</latexit>
J˜j(xj) = min {J˜j,1(xj), . . . , J˜j,ni(xj)},
pick corresponding optimal policy
<latexit sha1_base64 ="F7u6dBJWjlU9FAmoRgkEDVT0+O0=">AAACa3 icbVFdaxNBFJ1dv2rUmtoHRX0YDA0VQtgtgr4IB V/EpwqmLWTCMjt7k04yX87clYZlX/yJvvkPfPE /OPkAbeuBgcM553JnzpROyYBZ9jNJb92+c/fezv 3Og4ePdh93956cBlt7ASNhlfXnJQ+gpIERSlRw 7jxwXSo4KxcfVv7ZN/BBWvMFlw4mms+MnErBMUp F9ztDqSpoPrXF/PCymL+m/feUaWko+1rzirLmb6 CZD/J2HRqwymIYXLFMITcmZe2AsU6fIVxi46RY UGG9h+CsqaSZUetQaq6os0qKZVt0e9kwW4PeJPm W9MgWJ0X3R1wvag0GheIhjPPM4aThHqVQ0HZYH cBxseAzGEdquIYwadZdtfQgKhWdWh+PQbpW/51o uA5hqcuY1BwvwnVvJf7PG9c4fTdppHE1ghGbRd NaUbR0VTytpAeBahkJF17Gu1JxwT0XGL+nE0vIr z/5Jjk9GubZMP/8pnfc39axQ16QV+SQ5OQtOSY fyQkZEUF+JbvJ0+RZ8jvdT5+nLzfRNNnO7JMrSA /+AN+hunk=</latexit><latexit sha1_base64 ="F7u6dBJWjlU9FAmoRgkEDVT0+O0=">AAACa3 icbVFdaxNBFJ1dv2rUmtoHRX0YDA0VQtgtgr4IB V/EpwqmLWTCMjt7k04yX87clYZlX/yJvvkPfPE /OPkAbeuBgcM553JnzpROyYBZ9jNJb92+c/fezv 3Og4ePdh93956cBlt7ASNhlfXnJQ+gpIERSlRw 7jxwXSo4KxcfVv7ZN/BBWvMFlw4mms+MnErBMUp F9ztDqSpoPrXF/PCymL+m/feUaWko+1rzirLmb6 CZD/J2HRqwymIYXLFMITcmZe2AsU6fIVxi46RY UGG9h+CsqaSZUetQaq6os0qKZVt0e9kwW4PeJPm W9MgWJ0X3R1wvag0GheIhjPPM4aThHqVQ0HZYH cBxseAzGEdquIYwadZdtfQgKhWdWh+PQbpW/51o uA5hqcuY1BwvwnVvJf7PG9c4fTdppHE1ghGbRd NaUbR0VTytpAeBahkJF17Gu1JxwT0XGL+nE0vIr z/5Jjk9GubZMP/8pnfc39axQ16QV+SQ5OQtOSY fyQkZEUF+JbvJ0+RZ8jvdT5+nLzfRNNnO7JMrSA /+AN+hunk=</latexit><latexit sha1_base64 ="F7u6dBJWjlU9FAmoRgkEDVT0+O0=">AAACa3 icbVFdaxNBFJ1dv2rUmtoHRX0YDA0VQtgtgr4IB V/EpwqmLWTCMjt7k04yX87clYZlX/yJvvkPfPE /OPkAbeuBgcM553JnzpROyYBZ9jNJb92+c/fezv 3Og4ePdh93956cBlt7ASNhlfXnJQ+gpIERSlRw 7jxwXSo4KxcfVv7ZN/BBWvMFlw4mms+MnErBMUp F9ztDqSpoPrXF/PCymL+m/feUaWko+1rzirLmb6 CZD/J2HRqwymIYXLFMITcmZe2AsU6fIVxi46RY UGG9h+CsqaSZUetQaq6os0qKZVt0e9kwW4PeJPm W9MgWJ0X3R1wvag0GheIhjPPM4aThHqVQ0HZYH cBxseAzGEdquIYwadZdtfQgKhWdWh+PQbpW/51o uA5hqcuY1BwvwnVvJf7PG9c4fTdppHE1ghGbRd NaUbR0VTytpAeBahkJF17Gu1JxwT0XGL+nE0vIr z/5Jjk9GubZMP/8pnfc39axQ16QV+SQ5OQtOSY fyQkZEUF+JbvJ0+RZ8jvdT5+nLzfRNNnO7JMrSA /+AN+hunk=</latexit><latexit sha1_base64 ="F7u6dBJWjlU9FAmoRgkEDVT0+O0=">AAACa3 icbVFdaxNBFJ1dv2rUmtoHRX0YDA0VQtgtgr4IB V/EpwqmLWTCMjt7k04yX87clYZlX/yJvvkPfPE /OPkAbeuBgcM553JnzpROyYBZ9jNJb92+c/fezv 3Og4ePdh93956cBlt7ASNhlfXnJQ+gpIERSlRw 7jxwXSo4KxcfVv7ZN/BBWvMFlw4mms+MnErBMUp F9ztDqSpoPrXF/PCymL+m/feUaWko+1rzirLmb6 CZD/J2HRqwymIYXLFMITcmZe2AsU6fIVxi46RY UGG9h+CsqaSZUetQaq6os0qKZVt0e9kwW4PeJPm W9MgWJ0X3R1wvag0GheIhjPPM4aThHqVQ0HZYH cBxseAzGEdquIYwadZdtfQgKhWdWh+PQbpW/51o uA5hqcuY1BwvwnVvJf7PG9c4fTdppHE1ghGbRd NaUbR0VTytpAeBahkJF17Gu1JxwT0XGL+nE0vIr z/5Jjk9GubZMP/8pnfc39axQ16QV+SQ5OQtOSY fyQkZEUF+JbvJ0+RZ8jvdT5+nLzfRNNnO7JMrSA /+AN+hunk=</latexit>
J˜j,1(xj),
 
µˆ⇤j,1, . . . , µˆ
⇤
j+NH 1,1
 
<latexit sha1_base64 ="Z7zeU7yj9rXr5ZSB9P/cPlR5u6s=">AAACXX icbVFNT9tAEN2YhkL4aEoPHHpZEYEChMiukMoRq RfEoUqlBiLFwVpvxsmGtdfaHaNGVn4Zv6Sniiu c+AesEx9SYKTdeXpvZrTzNkylMOi6fyvOyofq6s e19drG5tb2p/rnnSujMs2hy5VUuhcyA1Ik0EWB EnqpBhaHEq7D2x+Ffn0H2giV/MZpCoOYjRIRCc7 QUkG966OQQ8gvZ0E+aXmz5p9gctiivoQIm/6YYe 7HWandHFlhqNDYtKQc/wwuTry5Tn0tRmM8DOoN t+3Og74FXgkapIxOUH+2g3kWQ4JcMmP6npviIGc aBZcwq/mZgZTxWzaCvoUJi8EM8vn6M7pvmSGNl LYnQTpnlztyFhszjUNbGTMcm9daQbZocWsTmQVC paSFVi1mmvda+xlGZ4NcJGmGkPDFO6JMUlS0sJ oOhQaOcmoB41rYVSgfM8042g+pWY+81468BVff2 p7b9n6dNs4PSrfWyFeyR5rEI9/JObkgHdIlnNy TB/JInir/nKqz6WwvSp1K2fOF/BfO7guzJrXl</ latexit><latexit sha1_base64 ="Z7zeU7yj9rXr5ZSB9P/cPlR5u6s=">AAACXX icbVFNT9tAEN2YhkL4aEoPHHpZEYEChMiukMoRq RfEoUqlBiLFwVpvxsmGtdfaHaNGVn4Zv6Sniiu c+AesEx9SYKTdeXpvZrTzNkylMOi6fyvOyofq6s e19drG5tb2p/rnnSujMs2hy5VUuhcyA1Ik0EWB EnqpBhaHEq7D2x+Ffn0H2giV/MZpCoOYjRIRCc7 QUkG966OQQ8gvZ0E+aXmz5p9gctiivoQIm/6YYe 7HWandHFlhqNDYtKQc/wwuTry5Tn0tRmM8DOoN t+3Og74FXgkapIxOUH+2g3kWQ4JcMmP6npviIGc aBZcwq/mZgZTxWzaCvoUJi8EM8vn6M7pvmSGNl LYnQTpnlztyFhszjUNbGTMcm9daQbZocWsTmQVC paSFVi1mmvda+xlGZ4NcJGmGkPDFO6JMUlS0sJ oOhQaOcmoB41rYVSgfM8042g+pWY+81468BVff2 p7b9n6dNs4PSrfWyFeyR5rEI9/JObkgHdIlnNy TB/JInir/nKqz6WwvSp1K2fOF/BfO7guzJrXl</ latexit><latexit sha1_base64 ="Z7zeU7yj9rXr5ZSB9P/cPlR5u6s=">AAACXX icbVFNT9tAEN2YhkL4aEoPHHpZEYEChMiukMoRq RfEoUqlBiLFwVpvxsmGtdfaHaNGVn4Zv6Sniiu c+AesEx9SYKTdeXpvZrTzNkylMOi6fyvOyofq6s e19drG5tb2p/rnnSujMs2hy5VUuhcyA1Ik0EWB EnqpBhaHEq7D2x+Ffn0H2giV/MZpCoOYjRIRCc7 QUkG966OQQ8gvZ0E+aXmz5p9gctiivoQIm/6YYe 7HWandHFlhqNDYtKQc/wwuTry5Tn0tRmM8DOoN t+3Og74FXgkapIxOUH+2g3kWQ4JcMmP6npviIGc aBZcwq/mZgZTxWzaCvoUJi8EM8vn6M7pvmSGNl LYnQTpnlztyFhszjUNbGTMcm9daQbZocWsTmQVC paSFVi1mmvda+xlGZ4NcJGmGkPDFO6JMUlS0sJ oOhQaOcmoB41rYVSgfM8042g+pWY+81468BVff2 p7b9n6dNs4PSrfWyFeyR5rEI9/JObkgHdIlnNy TB/JInir/nKqz6WwvSp1K2fOF/BfO7guzJrXl</ latexit><latexit sha1_base64 ="Z7zeU7yj9rXr5ZSB9P/cPlR5u6s=">AAACXX icbVFNT9tAEN2YhkL4aEoPHHpZEYEChMiukMoRq RfEoUqlBiLFwVpvxsmGtdfaHaNGVn4Zv6Sniiu c+AesEx9SYKTdeXpvZrTzNkylMOi6fyvOyofq6s e19drG5tb2p/rnnSujMs2hy5VUuhcyA1Ik0EWB EnqpBhaHEq7D2x+Ffn0H2giV/MZpCoOYjRIRCc7 QUkG966OQQ8gvZ0E+aXmz5p9gctiivoQIm/6YYe 7HWandHFlhqNDYtKQc/wwuTry5Tn0tRmM8DOoN t+3Og74FXgkapIxOUH+2g3kWQ4JcMmP6npviIGc aBZcwq/mZgZTxWzaCvoUJi8EM8vn6M7pvmSGNl LYnQTpnlztyFhszjUNbGTMcm9daQbZocWsTmQVC paSFVi1mmvda+xlGZ4NcJGmGkPDFO6JMUlS0sJ oOhQaOcmoB41rYVSgfM8042g+pWY+81468BVff2 p7b9n6dNs4PSrfWyFeyR5rEI9/JObkgHdIlnNy TB/JInir/nKqz6WwvSp1K2fOF/BfO7guzJrXl</ latexit>
J˜j,ni(xj),
 
µˆ⇤j,ni , . . . , µˆ
⇤
j+NH 1,ni
 
<latexit sha1_base64="V8jsW9D1Fd8UMVKvU /dK9TSGBY0=">AAACY3icbVFdSyMxFE1H19W669aPNxGCRam73TIjwu6jsC/igyhsVejUIZPeaaOZ ZEjuiGXoj/Nn7A9Y9lX/gZl2ED/2QpLDOedekpM4k8Ki7/+peXPzHxY+Li7Vlz99XvnSWF07tzo3H LpcS20uY2ZBCgVdFCjhMjPA0ljCRXzzq9QvbsFYodVvHGfQT9lQiURwho6KGr0QhRxAcTyJiuu2is SkdRdd77VpKCHBVjhiWIRp/qxefXXSQKN1xwvt20l09D2oHDQ0YjjCvajR9Dv+tOh7EFSgSao6jRq PbjTPU1DIJbO2F/gZ9gtmUHAJk3qYW8gYv2FD6DmoWAq2X0xDmNAdxwxooo1bCumUfdlRsNTacRo7 Z8pwZN9qJdmm5W5sYmcItZYOOrWcaf/X2ssx+dkvhMpyBMVn90hySVHTMnA6EAY4yrEDjBvhnkL5iB nG0X1L3WUUvE3kPTjf7wR+Jzg7aB7uVmktkk2yTVokID/IITkip6RLOLkn/8gDeaz99Za9NW9jZvV qVc86eVXe1hN9ILkw</latexit><latexit sha1_base64="V8jsW9D1Fd8UMVKvU /dK9TSGBY0=">AAACY3icbVFdSyMxFE1H19W669aPNxGCRam73TIjwu6jsC/igyhsVejUIZPeaaOZ ZEjuiGXoj/Nn7A9Y9lX/gZl2ED/2QpLDOedekpM4k8Ki7/+peXPzHxY+Li7Vlz99XvnSWF07tzo3H LpcS20uY2ZBCgVdFCjhMjPA0ljCRXzzq9QvbsFYodVvHGfQT9lQiURwho6KGr0QhRxAcTyJiuu2is SkdRdd77VpKCHBVjhiWIRp/qxefXXSQKN1xwvt20l09D2oHDQ0YjjCvajR9Dv+tOh7EFSgSao6jRq PbjTPU1DIJbO2F/gZ9gtmUHAJk3qYW8gYv2FD6DmoWAq2X0xDmNAdxwxooo1bCumUfdlRsNTacRo7 Z8pwZN9qJdmm5W5sYmcItZYOOrWcaf/X2ssx+dkvhMpyBMVn90hySVHTMnA6EAY4yrEDjBvhnkL5iB nG0X1L3WUUvE3kPTjf7wR+Jzg7aB7uVmktkk2yTVokID/IITkip6RLOLkn/8gDeaz99Za9NW9jZvV qVc86eVXe1hN9ILkw</latexit><latexit sha1_base64="V8jsW9D1Fd8UMVKvU /dK9TSGBY0=">AAACY3icbVFdSyMxFE1H19W669aPNxGCRam73TIjwu6jsC/igyhsVejUIZPeaaOZ ZEjuiGXoj/Nn7A9Y9lX/gZl2ED/2QpLDOedekpM4k8Ki7/+peXPzHxY+Li7Vlz99XvnSWF07tzo3H LpcS20uY2ZBCgVdFCjhMjPA0ljCRXzzq9QvbsFYodVvHGfQT9lQiURwho6KGr0QhRxAcTyJiuu2is SkdRdd77VpKCHBVjhiWIRp/qxefXXSQKN1xwvt20l09D2oHDQ0YjjCvajR9Dv+tOh7EFSgSao6jRq PbjTPU1DIJbO2F/gZ9gtmUHAJk3qYW8gYv2FD6DmoWAq2X0xDmNAdxwxooo1bCumUfdlRsNTacRo7 Z8pwZN9qJdmm5W5sYmcItZYOOrWcaf/X2ssx+dkvhMpyBMVn90hySVHTMnA6EAY4yrEDjBvhnkL5iB nG0X1L3WUUvE3kPTjf7wR+Jzg7aB7uVmktkk2yTVokID/IITkip6RLOLkn/8gDeaz99Za9NW9jZvV qVc86eVXe1hN9ILkw</latexit><latexit sha1_base64="V8jsW9D1Fd8UMVKvU /dK9TSGBY0=">AAACY3icbVFdSyMxFE1H19W669aPNxGCRam73TIjwu6jsC/igyhsVejUIZPeaaOZ ZEjuiGXoj/Nn7A9Y9lX/gZl2ED/2QpLDOedekpM4k8Ki7/+peXPzHxY+Li7Vlz99XvnSWF07tzo3H LpcS20uY2ZBCgVdFCjhMjPA0ljCRXzzq9QvbsFYodVvHGfQT9lQiURwho6KGr0QhRxAcTyJiuu2is SkdRdd77VpKCHBVjhiWIRp/qxefXXSQKN1xwvt20l09D2oHDQ0YjjCvajR9Dv+tOh7EFSgSao6jRq PbjTPU1DIJbO2F/gZ9gtmUHAJk3qYW8gYv2FD6DmoWAq2X0xDmNAdxwxooo1bCumUfdlRsNTacRo7 Z8pwZN9qJdmm5W5sYmcItZYOOrWcaf/X2ssx+dkvhMpyBMVn90hySVHTMnA6EAY4yrEDjBvhnkL5iB nG0X1L3WUUvE3kPTjf7wR+Jzg7aB7uVmktkk2yTVokID/IITkip6RLOLkn/8gDeaz99Za9NW9jZvV qVc86eVXe1hN9ILkw</latexit>
J˜k,1(xk) = min
µˆk,1(xk)
J˜k+1,1(fk,1(xk, µˆk,1(xk), ⌫
⇤
k,1   µˆk,1(xk)))
+gk,1(xk, µˆk,1(xk), ⌫
⇤
k,1   µˆk,1(xk))
8k = j, . . . , j +NH   1
<latexit s ha1_base64="6U/R3DF 7Rb2fkj11+xc61PDqnxo =">AAAC93icrVJNj9Mw EHXC11JY6MKRi0VFtaW hitFKcEFaicuKA1okur tSXSLHcVpvHCdrTxBVlD /ChQMIceWvcOPf4LaRK Ls9MpKl53nzxjPjiUsl LYThb8+/dv3GzVs7tzt3 7u7eu9/de3Bii8pwMea FKsxZzKxQUosxSFDirD SC5bESp3H2esmffhTGy kK/h0UppjmbaZlKzsC5o j1vl4JUiajfNFGdBaTZ /xRlA/wK01zqqKZzBjX Nq02ywfSiYgneFA7Jkk 3/RgXblAGmulrfPzzFlE vD8ba4wQD3Ke0M8ex/J Vzla8tOC8OUwplr8jyg SQE2OB++jY6eEdyPur1w FK4MXwWkBT3U2nHU/eU y8CoXGrhi1k5IWMK0Zg YkV6Lp0MqKkvGMzcTEQ c1yYaf16t8a/MR5Euzqc UcDXnk3FTXLrV3ksYvM GcztZW7p3MZNKkhfTmu pywqE5uuH0kphKPByCX AijeCgFg4wbqSrFfM5M4 yDW5WOGwK53PJVcPJ8R MIReXfQO+y349hBj9Bj tI8IeoEO0RE6RmPEPfA +e1+9b/7C/+J/93+sQ32 v1TxE/5j/8w+0FOkW</ latexit><latexit s ha1_base64="6U/R3DF 7Rb2fkj11+xc61PDqnxo =">AAAC93icrVJNj9Mw EHXC11JY6MKRi0VFtaW hitFKcEFaicuKA1okur tSXSLHcVpvHCdrTxBVlD /ChQMIceWvcOPf4LaRK Ls9MpKl53nzxjPjiUsl LYThb8+/dv3GzVs7tzt3 7u7eu9/de3Bii8pwMea FKsxZzKxQUosxSFDirD SC5bESp3H2esmffhTGy kK/h0UppjmbaZlKzsC5o j1vl4JUiajfNFGdBaTZ /xRlA/wK01zqqKZzBjX Nq02ywfSiYgneFA7Jkk 3/RgXblAGmulrfPzzFlE vD8ba4wQD3Ke0M8ex/J Vzla8tOC8OUwplr8jyg SQE2OB++jY6eEdyPur1w FK4MXwWkBT3U2nHU/eU y8CoXGrhi1k5IWMK0Zg YkV6Lp0MqKkvGMzcTEQ c1yYaf16t8a/MR5Euzqc UcDXnk3FTXLrV3ksYvM GcztZW7p3MZNKkhfTmu pywqE5uuH0kphKPByCX AijeCgFg4wbqSrFfM5M4 yDW5WOGwK53PJVcPJ8R MIReXfQO+y349hBj9Bj tI8IeoEO0RE6RmPEPfA +e1+9b/7C/+J/93+sQ32 v1TxE/5j/8w+0FOkW</ latexit><latexit s ha1_base64="6U/R3DF 7Rb2fkj11+xc61PDqnxo =">AAAC93icrVJNj9Mw EHXC11JY6MKRi0VFtaW hitFKcEFaicuKA1okur tSXSLHcVpvHCdrTxBVlD /ChQMIceWvcOPf4LaRK Ls9MpKl53nzxjPjiUsl LYThb8+/dv3GzVs7tzt3 7u7eu9/de3Bii8pwMea FKsxZzKxQUosxSFDirD SC5bESp3H2esmffhTGy kK/h0UppjmbaZlKzsC5o j1vl4JUiajfNFGdBaTZ /xRlA/wK01zqqKZzBjX Nq02ywfSiYgneFA7Jkk 3/RgXblAGmulrfPzzFlE vD8ba4wQD3Ke0M8ex/J Vzla8tOC8OUwplr8jyg SQE2OB++jY6eEdyPur1w FK4MXwWkBT3U2nHU/eU y8CoXGrhi1k5IWMK0Zg YkV6Lp0MqKkvGMzcTEQ c1yYaf16t8a/MR5Euzqc UcDXnk3FTXLrV3ksYvM GcztZW7p3MZNKkhfTmu pywqE5uuH0kphKPByCX AijeCgFg4wbqSrFfM5M4 yDW5WOGwK53PJVcPJ8R MIReXfQO+y349hBj9Bj tI8IeoEO0RE6RmPEPfA +e1+9b/7C/+J/93+sQ32 v1TxE/5j/8w+0FOkW</ latexit><latexit s ha1_base64="6U/R3DF 7Rb2fkj11+xc61PDqnxo =">AAAC93icrVJNj9Mw EHXC11JY6MKRi0VFtaW hitFKcEFaicuKA1okur tSXSLHcVpvHCdrTxBVlD /ChQMIceWvcOPf4LaRK Ls9MpKl53nzxjPjiUsl LYThb8+/dv3GzVs7tzt3 7u7eu9/de3Bii8pwMea FKsxZzKxQUosxSFDirD SC5bESp3H2esmffhTGy kK/h0UppjmbaZlKzsC5o j1vl4JUiajfNFGdBaTZ /xRlA/wK01zqqKZzBjX Nq02ywfSiYgneFA7Jkk 3/RgXblAGmulrfPzzFlE vD8ba4wQD3Ke0M8ex/J Vzla8tOC8OUwplr8jyg SQE2OB++jY6eEdyPur1w FK4MXwWkBT3U2nHU/eU y8CoXGrhi1k5IWMK0Zg YkV6Lp0MqKkvGMzcTEQ c1yYaf16t8a/MR5Euzqc UcDXnk3FTXLrV3ksYvM GcztZW7p3MZNKkhfTmu pywqE5uuH0kphKPByCX AijeCgFg4wbqSrFfM5M4 yDW5WOGwK53PJVcPJ8R MIReXfQO+y349hBj9Bj tI8IeoEO0RE6RmPEPfA +e1+9b/7C/+J/93+sQ32 v1TxE/5j/8w+0FOkW</ latexit>
J˜k,ni(xk) = min
µˆk,ni (xk)
J˜k+1,ni(fk,ni(xk, µˆk,ni(xk), ⌫
⇤
k,ni   µˆk,ni(xk)))
+gk,ni(xk, µˆk,ni(xk), ⌫
⇤
k,ni   µˆk,ni(xk))
8k = j, . . . , j +NH   1
<latexit sha1_base64="q6PPGLwVBOkcp6fVR XAVE8OWHFM=">AAADDXicrVJNj9MwEHXC11K+unDkMqKi2tJQJQgJLkgrcVlxQItEd1eqS+Q4TuuN 7QTbQVRR/gAX/goXDiDElTs3/g1uG6Tubo+MZOnpvXnjmbGTUnBjw/CP51+6fOXqtZ3rnRs3b92+0 929e2SKSlM2poUo9ElCDBNcsbHlVrCTUjMiE8GOk/zlUj/+wLThhXprFyWbSjJTPOOUWEfFu14PWy 5SVr9q4joPVMybvY9xPoAXgCVXcY3nxNZYVmflBvD7iqSwaR5Gaz3bzAy2+wPAqvrHvHsEmHJNYXv uYAB9jDtDmP3vwqu67SBZoYkQkLvBTwOcFtYEp8PX8cHjCPpxtxeOwlXARRC1oIfaOIy7v10FWkmm LBXEmEkUlnZaE205Fazp4MqwktCczNjEQUUkM9N69ZoNPHRMCq4fd5SFFbvpqIk0ZiETlymJnZvz2p Lcpk0qmz2f1lyVlWWKri/KKgG2gOXXgJRrRq1YOECo5q5XoHOiCbXuA3XcEqLzI18ER09GUTiK3jz t7ffbdeyg++gB2kMReob20QE6RGNEvU/eF++b993/7H/1f/g/16m+13ruoTPh//oLnpf1KQ==</la texit><latexit sha1_base64="q6PPGLwVBOkcp6fVR XAVE8OWHFM=">AAADDXicrVJNj9MwEHXC11K+unDkMqKi2tJQJQgJLkgrcVlxQItEd1eqS+Q4TuuN 7QTbQVRR/gAX/goXDiDElTs3/g1uG6Tubo+MZOnpvXnjmbGTUnBjw/CP51+6fOXqtZ3rnRs3b92+0 929e2SKSlM2poUo9ElCDBNcsbHlVrCTUjMiE8GOk/zlUj/+wLThhXprFyWbSjJTPOOUWEfFu14PWy 5SVr9q4joPVMybvY9xPoAXgCVXcY3nxNZYVmflBvD7iqSwaR5Gaz3bzAy2+wPAqvrHvHsEmHJNYXv uYAB9jDtDmP3vwqu67SBZoYkQkLvBTwOcFtYEp8PX8cHjCPpxtxeOwlXARRC1oIfaOIy7v10FWkmm LBXEmEkUlnZaE205Fazp4MqwktCczNjEQUUkM9N69ZoNPHRMCq4fd5SFFbvpqIk0ZiETlymJnZvz2p Lcpk0qmz2f1lyVlWWKri/KKgG2gOXXgJRrRq1YOECo5q5XoHOiCbXuA3XcEqLzI18ER09GUTiK3jz t7ffbdeyg++gB2kMReob20QE6RGNEvU/eF++b993/7H/1f/g/16m+13ruoTPh//oLnpf1KQ==</la texit><latexit sha1_base64="q6PPGLwVBOkcp6fVR XAVE8OWHFM=">AAADDXicrVJNj9MwEHXC11K+unDkMqKi2tJQJQgJLkgrcVlxQItEd1eqS+Q4TuuN 7QTbQVRR/gAX/goXDiDElTs3/g1uG6Tubo+MZOnpvXnjmbGTUnBjw/CP51+6fOXqtZ3rnRs3b92+0 929e2SKSlM2poUo9ElCDBNcsbHlVrCTUjMiE8GOk/zlUj/+wLThhXprFyWbSjJTPOOUWEfFu14PWy 5SVr9q4joPVMybvY9xPoAXgCVXcY3nxNZYVmflBvD7iqSwaR5Gaz3bzAy2+wPAqvrHvHsEmHJNYXv uYAB9jDtDmP3vwqu67SBZoYkQkLvBTwOcFtYEp8PX8cHjCPpxtxeOwlXARRC1oIfaOIy7v10FWkmm LBXEmEkUlnZaE205Fazp4MqwktCczNjEQUUkM9N69ZoNPHRMCq4fd5SFFbvpqIk0ZiETlymJnZvz2p Lcpk0qmz2f1lyVlWWKri/KKgG2gOXXgJRrRq1YOECo5q5XoHOiCbXuA3XcEqLzI18ER09GUTiK3jz t7ffbdeyg++gB2kMReob20QE6RGNEvU/eF++b993/7H/1f/g/16m+13ruoTPh//oLnpf1KQ==</la texit><latexit sha1_base64="q6PPGLwVBOkcp6fVR XAVE8OWHFM=">AAADDXicrVJNj9MwEHXC11K+unDkMqKi2tJQJQgJLkgrcVlxQItEd1eqS+Q4TuuN 7QTbQVRR/gAX/goXDiDElTs3/g1uG6Tubo+MZOnpvXnjmbGTUnBjw/CP51+6fOXqtZ3rnRs3b92+0 929e2SKSlM2poUo9ElCDBNcsbHlVrCTUjMiE8GOk/zlUj/+wLThhXprFyWbSjJTPOOUWEfFu14PWy 5SVr9q4joPVMybvY9xPoAXgCVXcY3nxNZYVmflBvD7iqSwaR5Gaz3bzAy2+wPAqvrHvHsEmHJNYXv uYAB9jDtDmP3vwqu67SBZoYkQkLvBTwOcFtYEp8PX8cHjCPpxtxeOwlXARRC1oIfaOIy7v10FWkmm LBXEmEkUlnZaE205Fazp4MqwktCczNjEQUUkM9N69ZoNPHRMCq4fd5SFFbvpqIk0ZiETlymJnZvz2p Lcpk0qmz2f1lyVlWWKri/KKgG2gOXXgJRrRq1YOECo5q5XoHOiCbXuA3XcEqLzI18ER09GUTiK3jz t7ffbdeyg++gB2kMReob20QE6RGNEvU/eF++b993/7H/1f/g/16m+13ruoTPh//oLnpf1KQ==</la texit>
J¯⇤k,1(uk) = min
⌫k(uk)
m˙f,k(xk, ⌫k(uk))
+  1 · fpen,k(xk) ·
P desbatt,k(xk, ⌫k(uk))
Qlhv
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J¯⇤k,ni(uk) = min⌫k(uk)
m˙f,k(xk, ⌫k(uk))
+  ni · fpen,k(xk) ·
P desbatt,k(xk, ⌫k(uk))
Qlhv
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Fig. 6: Schematic of the DP-ECMS algorithm for look-ahead control.
while ensuring approximately charge-sustaining behavior over
the entire trip.
The DP-ECMS algorithm for look-ahead control is com-
pactly represented using the flowchart in Fig. 6. In this
approach, the optimal λ for the ECMS algorithm is selected
dynamically from a uniform λ grid. For each value λi in
the grid, the following minimization problem is solved ∀k =
j, . . . , j +NH − 1, ∀j = 1, . . . , N −NH :
J¯∗k,i(uk) = min
νk(uk)
m˙f,k(xk, νk(uk))
+ λi · fpen,k(xk) ·
P desbatt,k(xk, νk(uk))
Qlhv
∀i = 1, . . . , ni
(23)
where ni is the number of equally spaced λ candidates
considered. To further reduce the computational cost of this
instantaneous minimization, it is to be noted that terms
m˙f,k(xk, νk(uk)) and
Pdesbatt,k(xk,νk(uk))
Qlhv
remain the same ∀i.
These terms are computed only once, and the cost J¯∗k,i(uk)
is then obtained as a linear combination of these terms with
only λi changing for each i. The map ν∗k,i(uk) that defines the
optimal torque split for each uk and λi is used by the rollout
algorithm below:
J˜j+NH (xj+NH ) = gj+NH (xj+NH ), ∀j = 1, . . . , N −NH
Jˆk,i(xk) = min
µˆk,i(xk)
Jˆk+1,i(fk,i(xk, µˆk,i(xk), ν
∗
k,i ◦ µˆk,i(xk)))
+gk,i(xk, µˆk,i(xk), ν
∗
k,i ◦ µˆk,i(xk))
∀i = 1, . . . , ni, ∀k = j, . . . , j +NH − 1
(24)
where
(
µˆ∗j,i, . . . , µˆ
∗
j+NH−1,i
)
is the rollout policy for each λi.
This is subject to the same constraints defined in (18), except
that they are suitably truncated over the NH horizon. Finally,
the λi that results in the minimum cost-to-go approximate
J˜j(xj) (defined below) is selected as the optimal equivalence
factor for that receding horizon.
J˜j(xj) = min {J˜j,1(xj), . . . , J˜j,ni(xj)}
The corresponding optimal control policy is applied as the
torque split strategy. The highlights of this approach are that
this structure still conforms to the assumptions made in the
classical ECMS approach, in which the optimal λ results in
charge-sustaining behavior over the entire trip, and that the λ
exploration can be easily parallelized.
VII. EVALUATION
In this section, the different DP-ECMS approaches dis-
cussed in Sections V and VI are evaluated. Before the sim-
ulation results are presented, the selected test route and the
benchmark solution developed are introduced.
A. Test Route
The test route over which the simulation study is performed
is based on a mixed (urban/highway) route in the Columbus,
OH region. This route is 7 km in length and comprises of 6
stop signs, as shown in Fig. 7.
B. Benchmark Case
The benchmark case developed considers the same problem
formulated in Section II. A 2-state, 2-input DP is used to solve
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Fig. 7: Speed limits and locations of stop signs along the test
route.
the full route optimization comprising of N steps. Specifically,
the state variables chosen are the vehicle velocity and the
battery SoC: xb,k = [vk, ξk]
T
, ∀k = 1, . . . , N − 1. The
engine torque and BSG torque are chosen as the control
variables: ub,k = [Teng,k, Tbsg,k]T. For consistency, the vehicle
and powertrain models used in this are identical to those used
for developing the DP-ECMS method.
C. Evaluation Metrics
The optimization schemes developed are compared both
qualitatively and quantitatively against the benchmark full-
route DP optimization. For qualitative comparison, the result-
ing Pareto fronts from the multi-objective optimizations are
compared, along with sample state trajectories. To quantita-
tively evaluate the performance of the DP-ECMS optimization
routine, the cumulative cost that it incurs is compared with that
incurred by the benchmark DP. The cumulative cost function
used for comparison is shown below:
J∗(x1) =
N∑
k=1
(
γ · m˙
∗
f,k
m˙normf
+ (1− γ)
)
· t∗k
= γ · m
∗
f,N
m˙normf
+ (1− γ) · τ∗N
where m∗f,N , τ
∗
N are respectively the resulting cumulative
fuel consumption and total travel time from applying the
optimal control policy. For fair evaluation, the cumulative costs
for both the DP-ECMS and benchmark DP algorithms are
calculated while ensuring battery SoC neutrality over the entire
driving mission.
D. Evaluation of Full-Route DP-ECMS
To recall, the full-route DP-ECMS refers to the approach
in which the DP-ECMS algorithm is developed to solve
the full-route optimization problem and the λ-tuning strategy
comprises of computing a single λ value over the entire trip
using the shooting method. In this particular implementation
of the full-route DP-ECMS, an unconstrained optimization
routine is setup to tune the equivalence factor for achieving
charge-sustaining behavior.
Fig. 8 shows sample results from the full-route DP-ECMS
optimization over the mixed test route. A general note on the
Pareto fronts is that lower values of γ represent increasingly
aggressive drivers, characterized by decreased travel time
and increased fuel consumption. On comparison with the
Pareto curve from the benchmark DP optimization, it is seen
that the sub-optimal DP-ECMS optimization consumes only
0.5 %–1 % more fuel while taking 1.5 %–2 % longer to travel
the same route.
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Fig. 8: Pareto curve from DP-ECMS for full-route optimiza-
tion and comparison with benchmark DP.
In Fig. 9(a), the resulting vehicle velocity and battery
SoC profiles for (γ = 0.65, λ0 = 2.87) are compared with
the corresponding benchmark DP solution. While the vehicle
velocity trajectory is nearly identical to that from the DP, the
battery usage from the DP-ECMS control strategy is more
conservative but charge sustaining nonetheless. In the selected
case shown in Fig. 9(b), the DP-ECMS routine consumes only
0.9 % more fuel cumulatively than the benchmark over the
entire driving mission.
γ
Benchmark DP DP-ECMS Cost Increment
[%]J∗[−] J∗[−]
0.3 318 322 +1.4
0.4 286 289 +1.1
0.5 255 257 +0.5
0.65 204 205 +0.6
0.7 186 189 +1.4
0.75 168 170 +0.8
0.8 150 152 +1.3
0.82 143 145 +1.6
TABLE I: Quantitative evaluation of full-route optimization
using DP-ECMS controller
Table I summarizes the quantitative evaluation of the full-
route DP-ECMS controller. The resulting cumulative cost is
compared against that obtained from the benchmark DP opti-
mization. For brevity, the argument of the cumulative cost is
suppressed. The results from the proposed DP-ECMS controls
are promising, as cost increments relative to the benchmark DP
are always less than 2 % over the entire mixed test route.
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Fig. 9: Sample results from full-route optimization
E. Evaluation of Look-Ahead DP-ECMS
To recall, the look-ahead DP-ECMS refers to the approach
in which a look-ahead control problem is formulated to
adapt to en route variabilities, and solved using the proposed
DP-ECMS algorithm. Further, the dynamic λ-tuning strategy
comprises of exploring a uniform λ grid such that an optimal
equivalence factor is selected for each receding horizon. In
the look-ahead DP-ECMS implemented, to achieve faster
computation times, the DP routines corresponding to each λi
in the grid are run in parallel.
Fig. 10 shows the resulting Pareto front from the look-
ahead DP-ECMS optimization over the mixed test route. Here,
the equivalence factor is tuned dynamically from a λ-grid
containing 10 equally spaced points. With a discretization
step size of 10 m used in the DP-ECMS, a realistic choice
is made for the horizon length, NH = 20 (or 200 m). On
comparison with the Pareto curve from the benchmark DP, it
is seen that the look-ahead DP-ECMS optimization consumes
at most 2.5 % more fuel while taking no more than 0.5 %
longer to travel the same route.
Fig. 11(a) shows the vehicle velocity, battery SoC, and
dynamic equivalence factor profiles for (γ = 0.65). The
vehicle velocity trajectory is nearly identical to that from
the benchmark DP. In contrast to Fig. 9(b), it is seen that
the look-ahead DP-ECMS controller utilizes the battery to
a greater extent, resulting in larger swings of the SoC. As
desired, the torque split strategy is nominally charge-sustaining
over the entire trip. Further, the behavior of the dynamic
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Fig. 10: Pareto curve from DP-ECMS for look-ahead control
and comparison with benchmark DP.
equivalence factor is as expected, where larger λ values make
battery use more expensive. In the selected case shown in
Fig. 11(b), the DP-ECMS routine consumes around 2 % more
fuel cumulatively than the benchmark over the entire driving
mission.
λ-Grid
ni
γ
Benchmark DP DP-ECMS Cost Increment
[%]J∗[−] J∗[−]
4
0.3 318 320 +0.9
0.4 286 289 +0.8
0.5 255 256 +0.2
0.65 204 205 +0.6
0.7 186 188 +0.6
0.75 168 170 +0.4
0.8 150 152 +0.8
0.82 143 144 +0.6
10
0.3 318 320 +0.7
0.4 286 288 +0.7
0.5 255 255 +0
0.65 204 205 +0.4
0.7 186 187 +0.4
0.75 168 169 +0.3
0.8 150 151 +0.3
0.82 143 143 +0.3
40
0.3 318 319 +0.6
0.4 286 287 +0.5
0.5 255 255 +0
0.65 204 205 +0.3
0.7 186 187 +0.4
0.75 168 169 +0.3
0.8 150 150 +0.1
0.82 143 143 +0
TABLE II: Quantitative evaluation of look-ahead control using
DP-ECMS
Table II summarizes the quantitative evaluation of the look-
ahead DP-ECMS controller. Further, the impact of λ grid size
(i.e. number of potential equivalence factor options) on the
optimization results is evaluated by considering three different
sizes ni = {4, 10, 40}. The benchmark DP solution for each
of these cases remains unchanged.
The cumulative cost from the look-ahead DP-ECMS is now
compared against that obtained from the benchmark DP. It is
seen that the cost increments relative to the benchmark DP
optimization are further reduced compared to the constant λ
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Fig. 11: Sample results from look-ahead control
approach over the full route. Here, the look-ahead DP-ECMS
scheme is always less than 1 % sub-optimal over the entire
mixed test route. These results suggest that being able to adapt
the equivalence factor en route can bring noticeable improve-
ment in both the battery usage as well as the “proximity to
optimality”.
F. A Note on Computational Effort and Choice of Horizon
Length
The search spaces of the benchmark DP and the DP-ECMS
algorithms can be used as intuitive measures of their respective
time and space complexity.
The complexity of the DP-ECMS optimization method, with
respect to the benchmark DP formulation with computational
complexity (6), is given by:
n˜c = O
(
N ·
n∏
i=1
n˜x,i ·
m−1∏
i=1
n˜u,i · n˜u¯
)
(25)
where N is the number of stages, n˜x and n˜u are the number of
discretized points in the state and control grids respectively and
n˜u¯ refers to the discretization of the ECMS control (effectively
the candidates for determining the torque split). Note that
the dimension of the input space is now reduced by one
since the DP-ECMS only explores over different powertrain
torque values, with the power split being optimized within
the ECMS. Here, the number of computations is further
reduced as a smaller portion of the model is evaluated in
simulating the ECMS controller. Further, a significant part of
the model evaluations can be reused when performing the λ
grid search over different equivalence factors in (23), thereby
not significantly increasing the computational complexity.
When a vanilla DP algorithm is used to determine the
optimal torque split strategy, the discretization of the ξk grid
is quite dense to minimize interpolation errors and avoid
infeasibilities. In the DP-ECMS, the sole purpose of retaining
the SoC as a state is to ensure constraint satisfaction over the
optimization horizon. Simulation studies have revealed that the
granularity of the ξk has minimal impact on the actual torque
split optimization as this is handled by the embedded ECMS
routine. Thus, the proposed structure provides the freedom
to select a highly coarsened ξk grid without sacrificing on
optimality and constraint satisfaction.
Simulations have shown that the ECMS allows for having
a coarser discretization nu¯ compared to nu. Further, these
computations are much simpler in nature (with very few, low-
dimensional interpolations). As a result, depending on the
system configuration and application, the DP-ECMS optimiza-
tion routine can offer over 10× reduction in the number of
computations performed.
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Fig. 12: Pareto curve from DP-ECMS for look-ahead opti-
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Fig. 12 shows the impact of horizon length on the optimality
of the resulting solution. Here, the Pareto curves corresponding
to NH = {5, 10, 20, 30} are all enclosed within the Pareto
curves from the benchmark DP and full-route DP-ECMS. This
observation becomes fairly obvious by recognizing that the
performance of the benchmark DP cannot be mathematically
improved, and by considering the upper limit of NH , that
eventually spans the entire (or remaining) route. As the value
function of the full-route optimization is used as the terminal
cost of the look-ahead control, it is expected that shorter NH
will result in a Pareto front that more closely matches the
benchmark DP. From these results, a choice of NH = 20
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(as made in Fig. 10) is justified as a reasonable compromise
between adaptability to variabilities en route while preserving
information from the original full-route DP and computational
cost incurred. However, it is to be noted that this choice of
horizon length cannot be generalized. Some of these obser-
vations are subject to change, depending on the powertrain
configuration, and features of the test route i.e. speed limits,
density of stop signs, elevation and so on.
VIII. CONCLUSION
This paper proposes a multi-layer hierarchical control
framework, termed DP-ECMS, for HEV eco-driving applica-
tions. The proposed control architecture uses GPS and route
information to jointly compute the optimal vehicle velocity
and powertrain torque split trajectories with the aims to
significantly improve the energy economy while providing a
pathway to real-time implementation in a vehicle. Embed-
ding the ECMS algorithm within the DP framework offers
computational benefits without appreciable compromise in the
performance of the optimization.
To accommodate en route variabilities and/or uncertainty
in route information in a computationally tractable manner,
a look-ahead optimization scheme using the DP-ECMS algo-
rithm is developed. Here, the dynamic program is solved using
the rollout algorithm, a technique based on approximation in
the value space. The corresponding λ-tuning strategy evaluates
multiple λ values in parallel to pick the optimal candidate
that results in the minimum cost-to-go approximate. Here, it is
shown that the proposed technique results in nominally charge-
sustaining behavior over the entire trip.
Relative to the benchmark DP optimization, it is seen that
the cost increments from the full-route DP-ECMS consumes
are always less than 2 % over the evaluated mixed route.
Further, the look- ahead DP-ECMS algorithm is consistently
less than 1 % sub-optimal over different λ grid sizes. While the
choice of the horizon length and route features are recognized
to impact the results obtained, the proposed DP-ECMS method
significantly reduces the computational costs incurred in the
optimization, and is a promising solution for real-time HEV
eco-driving applications.
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